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Abstract. Following Skorobogatov and Serganova we construct the embed- 
dings of universal torsors over del Pezzo surfaces in the cones over flag varieties, 
considered as the closed orbits in the projectivization of quasiminiscule repre- 
sentations. We give the approach that allows us to construct the embeddings of 
universal torsors over del Pezzo surfaces of the degree one. This approach uses 
the Mumford stability and slightly differs from the approach of the authors 
named above. 



Let G be a simply connected algebraic group over algebraically closed field K of 
characteristics zero, Z(G) is the center of G, T is a maximal torus in G, and B 
is the Borel subgroup containing this torus, U is the unipotent radical of B. This 
define the root system A and its subsets of positive and negative roots A + and A~. 

Let A be a root system of one of the following types: A4, D 5 , E e , E?, E$. Denote 
by a the root corresponding to the endpoint of the Dynkin diagram: for the diagram 
D5 we set a = £4 — 25, for the systems of type E„ and a system A4 a = £\ — £2 (here 
Ej is the standard basis in the vector space generated by the weights). The root 
system corresponding to the Dynkin diagram with deleted end vertex we denote 
by A . Let us denote by f3 the root corresponding to the adjacent vertex to a (cf. 
fig.l). The fundamental weight dual to a we denote by ir a . By ttq we denote the 
fundamental weight, from the set of fundamental weights of the root system A , 
dual to f3 (we have to note that (tto; a) 7^ 0). The systems of simple roots for the 
root systems A and A we denote by n and n correspondingly. 



Let us notice that the representation V(n a ) with the highest weight 7r Q is the 
miniscule representation for all systems but Eg, i.e. the Weyl group is acting 
transitively on the weights of representation. In the case of Eg we the representation 
in consideration is adjoint and the Weyl group is acting transitively on the weights 
of representation distinct from zero, and a zero weight has the multiplicity 8. 

Let P be a parabolic subgroup that stabilizes the point (v„ a ) 6 P(V(7r a )), where 
v na is the highest weight vector. Let L be a Levi subgroup of P. The semisimple 
part of L we denote by G , it has a root system A C A. The irreducible represen- 
tation of G with the highest weight w we denote by V (w). The stabilizer in G of 
the point (v n > } G P(V^ (tt^)) is the parabolic subgroup P with the Levi subgroup 

L , that has the system of simple roots n := n \ {a, f3}. The semisimple part of 
L is denoted by G , and its root system is denoted by A . 

As it is well known from [7], to a del Pezzo surface one can put in the corre- 
spondence the root system A of one of the types mentioned above. Thus by 
we denote an arbitrary del Pezzo surface those root system has type A. 



a 
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Let us remind the reader the definition of the universal torsor. We assume that 
the action of some torus To on the normal variety T is scheme theoretically free 
and there exists a geometric quotient T — > X. Let O(T)* be the set of regular 
invertible functions on T. Then we have the following exact sequence from the work 
of J-L.Colliot-Thelene et J-J.Sansuc that we denote by (CTS): 

1 — ► 0(X)*/K* — y (0(1)* /K*) — ► »(T ) — -> Pic(X) — y Pic(T) — ► 0, 

where 5 (To) — is the character lattice of To. We note that this sequence is functorial 
on 1. 

Definition 0.1. The torsor T is called universal, if the map S(To) — > Pic(X) is 
an isomorphism. 

For a convenience of the reader we recall the definition of the set of semistable 
and stable points, introduced by Mumford. 

Definition 0.2. Let X be an algebraic variety with the action of a reductive group 
H, and L is an invertible ample H- linearized sheaf on X . 

(i) The set of semistable points is equal to 

X S L S = {x g X : 3n > 0, 3a g T(X, L® n ) H , a(x) £ 0} 

(ii) The set of stable points is equal to 

X S L = {x g Xff : orbit Hx closed in Xffand the stabilizer H x is finite} 

In our case H — T, X = G/P, and for the sheaf L we take i*0(l), (where 
i : G/P C P(VTtt q ))), by (G/P) s/ we denote the set of points x g (G/P) s , for 
which the stabilizer is equal to T x = Z(G). 

Consider the torus T x K x . Let us define the action of this torus on the space 
V(ir a ) in such way that the component K x acts on V(ir a ) by homotety, and the 
second component as the subgroup in G. Since the representation V(n a ) is irre- 
ducible, the kernel of the action of T x K x on V(ir a ) is isomorphic to Z(G). By T 
we denote the quotient of T x K x by this kernel. 

Our aim is to prove the theorem in general case that was proved by Skorobogatov 
and Serganova 2 in the case of root system A distinct from Eg. 

0.3. There exists a locally closed T-equivariant embedding of the universal torsor T 
over del Pezzo surface X& (in the case Eg we consider a sufficiently general surface 
Xa) in the affine cone in V(n a ) over the open subset of points (G/P) s ^ of the flag 
variety G/P C P(V(7r a )), that are stable with respect of the action of maximal torus 
T and having a stabilizer Z(G). Consider the intersection of 7 with the T -invariant 
hyperplane V u — (where U) is the nonzero weight of the representation V(n a )). Its 
image under the quotient by the action of torus T is the (-l)-curve lying on the 
surface X&. All (~l)-curves on X& can be obtained in such way. 

Remark 0.4. The connection of universal torsors over del Pezzo surfaces and 
flag varieties embedded in the projectivization of miniscule representation was first 
observed by V.V.Batyrev (see also [3])- The total coordinate rings of del Pezzo 
surfaces were calculated by V.V.Batyrev and O.N.Popov in [3]. For the detailed 
history of this question we refer the reader to [2] ■ 

Let us give a sketch of the proof of the main theorem. We note that the scheme 
of the proof was taken from [2], but most steps will be modified, and we shall give 
some proofs different from [2]. 

First we prove that the Mumford quotient of the flag variety G/P by a one 
parameter subgroup A : K x — > T is isomorphic to the blow up of ¥(V(iro)) in 
the flag variety G' /P' , that we denote by BI(P(V(tt' )),G' /P'). On the induction 
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step we assume that for the T -torsor 7 over X A ' we costructed its embedding 
into G jP (it is obtained be the embedding of the universal torsor 7 in the 
cone over G jP and a further projection on G jP ). Let us fix a weight basis in 
V (7Tg). Then the point s G ¥(V (ftp)) whose all coordinates are nonzero defined 
the automorphism of P(V (ftp)), multiplying the coordinates of the point from 
P(V^ (tto)) by the coordinates of the point s. 

Let eA be a point on the surface X A > , and a : X& — > X A > is a blow up of 
this point. Consider the point s of the torsor T , lying in the fiber over the point 
eA- Let s G G / P be a sufficiently general point. By applying the automorphism 
defined by s s~ 1 that acts by multiplication of the weight vectors of V (tTo) we get 
that the image of the torsor s s _1 T intersect G / P by one T -orbit Ts , lying 
over the point eA- Then we take a proper transform 7 of the torsor s s~~ 1 7 under 
the blow up P(V(np)) in G jP , and then we take its preimage under the quotient 
by A. Let us denote the obtained torsor by T. We will show that the affine cone 
over 7 will be desired torsor. 

In the case of group G of type E$ the quotient X\(G / P) ss is not isomorphic 
to a blow up. But here we can consider the quotient X\(G / P) ss D D a (for some 
T-invariant divisor D a defined below), with the projection po on P(Vi). Then there 
exists a T -invariant neighbourhood of the point s G G / P C P(Vj.), such that its 
preimage is isomorphic to a weighted blow up in the subvariety G / P . The local 
calculation of the proposition 14.81 allows us to finish the proof similar to the case of 
the del Pezzo surfaces of the degree > 1. 

For the convenience of the reader we supply the commutative diagram illustrating 
the scheme of the proof. 

— > [G/pyf 

Bl(F(V(n'));G'/P') 



s's^G'/P't *-HV(irp)) 



g'/p' 



Let us introduce an additional notation: 

Let W = N G (T)/T be the Weyl group of G, C is the dominant Weyl chamber for 
the root system A. We denote by s 7 G W the reflection corresponding to the root 
7, Let w G W, by n w we denote its representative in Nq(T). Let H be a semisimple 
subgroup in G, normalized by torus T. We denote by Wh the Weyl group of H, we 
can assume that Wh C W. For the Lie algebra g let us fix a standard basis that 
consists of e 7 , where 7 G A, and h$, where 1? G II. 

Let V be a T-module. By supp(y) we denote the set of weights of the T-module 

V. 

For the miniscule representation V(Tt a ) let us fix a basis that consists of the 
weight vectors v(oj), where ui G supp(F(7r Q )). By V*(— 7r Q ) we denote the dual 
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module to V(n a ) with the lowest weight — 7r Q , by (•,•) we denote the canonical 
pairing, and by {v*(— uj)}, its basis dual to {v(uj)}. 

For the birational morphism p : X — > Y and a subvariety Z <Z Y we denote by 
p~ l {Z) the proper transform of Z in X. 

The author is grateful to his scientific advisor I.V.Arzhantsev for the constant 
attention to his work. He wants to thank A.N.Skorobogatov and V.V.Serganova for 
paying his attention to the mistake in theorem !3.5l I am grateful to Y.G.Prokhorov 
for useful discussions on the extremal contractions. I am grateful to E.B.Vinberg, 
V.L.Popov and T.E.Panov for the attention to this work. 

1. The geometry of embeddings of the flag varieties in the 
projectivizations of miniscule representations 

For describing geometry of the flag varieties we shall need the following lemma 
from the work of I.N.Berstein, I.M.Gelfand, S.I.Gelfand [T, describing the structure 
of Schubert varieties in this projective embedding. 

Lemma 1.1. (H 2.12] Let w € W be an element of the Weyl group, and B~wP/P 
is the corresponding Schubert cell. Consider the closed embedding G/P P(V(x)) 
(where \ — is the dominant weight). Let f G V(x) is the vector from the orbit of the 
highest weight vector. Then (/) G B~wP/P iff WX £ su PP(f) and / £ &(b~)v wx , 
where iX(b~ ) is the universal enveloping of the Lie algebra b~ , and v wx = wv x is 
the vector of weight wx (that has multiplicity one in the representation V(x))- 

Let us study the G -submodules in the representation V(ir a ). 

Consider the restriction of the representation V{ir a ) on the subgroup G C P. 
Let us notice that the pairing (7r a ;-) defines the grading on V{ir a ). Indeed, the 
vector v = J2 v x belongs to the component Vi iff (7r a ; x) — {^a] K a ) ~ i for any Xi 
such that v x ^ 0. 

There is a decomposition 

V = (v(w a )) © Vx ® V 2 © V >3 . 

The grading in consideration is G -invariant. To prove this, it is sufficient to 
check that the action of the element e r € g of the standard basis g , where r £ A , 
maps a weight vector v Xo to the weight vector v x , where (ir a ; \o) — i^a] x)- Let us 
notice that e T v Xo = v Xo + T , and also (7t q ;t) = 0, since g stabilizes the line (f^)- 
This gives the required assertion. 

Since a is the only simple root with nontrivial pairing with 7r Q it is easy to see 
that 

supp(Vi) = (n a - a - ^2 n s upp(V r (7r Q )), 

7en' 

supp(y 2 ) = (tt q - 2a + Qt) n supp(y(7r Q )). 

7GA' 

The weight n a — a is dominant for the representation G : Vi (indeed {ir a — a: (3) = 
1 and (7r Q - a; 7) = for 7 G LT ). Thus suppVi C suppF C s Q (7r Q - S 7 en (! 2+7) I 
that means that for G -module V\ we have supp V\ C 7r Q — a — X^7en' Q+7- 

Remark 1.2. The component is nonzero only for the groups of type E7 and 
Eg. In the case of Ej there is an equality V^3 = V3 = (v-„ a ). The equality 
V^3 = for the remaining groups follows from the fact that (7r Q ;7r Q — WQir a ) < 3, 
where WQir a is the lowest weight of representation V(n a ). 
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Lemma 1.3. The representation G : V\ is irreducible miniscule representation. 
Let G : p~ be an adjoint representation of the semisimple part of the Levi subgroup 
L on the unipotent radical p~ of the parabolic subalgebra p~ . Then we have 

• if A is distinct from type E s , then we have isomophism of the G -modules 

• in the case when A is the root system of type Eg, we have isomorphisms of 
the G -modules V\ = V(ttq) and V\ ® (vq) = p~, where vq = e_, o », o is the 
vector of weight zero (In the case of Eg the weight ir a = e± — eg is a root). 

Proof. First let us prove that the representation V\ is irreducible. Let us recall 
that all weights of V\ have multiplicity one. (The weights V\ are those weights r 
of the representation V(ir a ) that belong to the hypcrplane (ir a ;Tr a — t) = 1. But 
the nonzero weights of V(ir a ) have multiplicity one.) If V\ is reducible, then there 
are two subrepresentations with the different highest weights uo\ and u 2 . Since the 
representation V(7T a ) is G-irreducible, the difference of these weights is the integral 
linear combination of simple roots from A. In other words there exists a weight lo 
such that 



lo = U!i — n a a — n ~tl — u i ~ rn a a — rn^ 

-je/icn' 7e/ 2 cn' 

where all the coefficients n Q , n 7 , m a ,m 1 are nonnegative and the sets I\ and I2 do 
not intersect. 

Let us notice that (ir a ;uii) = [iTa]^) — {^ a ]^a) — 1, taking into account that 
i^a', 7) = for 7 e II we get: 



(w;7r Q ) = (wi;7r a ) - n a (a;ir a ) = (w 2 ;7r Q ) - m a (a;TT a ). 
Thus n a = m a and we can assume that n a = m a = 0. 

Let us show that the weight lj is dominant with respect to G . Let 70 ^ I2 C II , 
then 



(w;7) = (w 2 ;7o) - ^2 m 7(7;7o)^0, 
7e/ 2 cn' 

since LJ2 is dominant and (7570) ^ for 7 7^ 70. The similar equality holds for 
70 ^ I\ C II . That is required. Since lo is dominant and can be obtained from 
i0\ and lo 2 by subtracting simple roots, this weight belong to the weights of both 
irreducible modules, that implies that its multiplicity is at least 2. We come to a 
contradiction since all weights of the representation V\ have multiplicity one. 

To show that V\ = V(ir l3 ) let us calculate the pairing of 7r Q — a with the simple 
roots in A' . As we have already seen (ir a — a; f3) = 1 and (7r Q — a; 7) = for 7 € II" , 
that is needed. 

We notice that p~v(ir a ) C V^i and that p~v(ir a ) is not contained in Vj, 2 - Indeed 
p~ contains the root —a, hence p~v(-K a ) contains e- a v(n a ) e V\. 

Comparing the dimensions we get dim F (71^) = dimVi = dim(p~). Taking into 

account that there exists a nontrivial projection of G -module p~ to V\ , we obtain 
the isomorphism of these modules in the first case. 

In the second case when A is of the type Eg, the proof is similar. As before all 
weights of V\ have multiplicity 1 (since the only weight with multiplicity in V(-K a ) 
is the zero weight but it lie in V2). We also notice that v = e- 7Ta v(ir a ) = h 7Ta is 
G -fixed vector. The irreducibility of V\ and the following equality on dimensions 
dim p~ — dim V\ + 1 terminates the proof. □ 
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Corollary 1.4. The intervals connecting the weight ir a with the weights ir a — 8, 
where 8 G A p - (corr. 8 G A - \ -K a in the case of type Eg), are the edges of weight 
polytop of the representation V(ir a ). 

Proof. Let us notice that the cone with the vertex ir Q , spanned by the roots 8 G A - 
coincides with the cone spanned by the edges of polytop with the end in the vertex 
7T a . The proposition follows from the fact that the edges in consideration are the 
edges of the cone with the vertex ir a over the convex polytop formed by the weights 
TT a — 8. One has to use the fact that they the vertices of the weight polytop 
of the representation V%, that are also the vertices of the weight polytop of the 
representation V(ir a ). 

We omit the proof for the case of Es since it is similar. □ 

In the proposition 11.31 we obtained that the miniscule representation V\ of the 
group G includes in the quasiminiscule representation V(Tr a ). The next lemma 
relates the flag varieties G/P and G / P , that lie in the projectivizations of these 
quasiminiscule representations. 

Proposition 1.5. LetV(n a ) be a quasiminiscule representation, and G/P be a flag 
variety that embeds in P(V(7r Q )) as the projectivization of the orbit of the highest 
weight vector. Consider the decomposition of V(jr a ) in the sum of irreducible G - 
modules: 

V(pr a )\ ' = (v(n a ))®V 1 © .... 
Then the intersection G/P nP(Vi) is isomorphic to the flag variety G jP , em- 
bedded in P(Vi) as a G -orbit of the point (e- a v(jr a )) . 

Proof. Let (v) G G/P nP(Vi). Since V\ is a miniscule representation, without a 
loss of generality we may assume that v^ a - a 0. Indeed we can find a component 
v u ^ for some weight u. Since the Weyl group of the root system A is acting 
transitively on the weights of Vi, there exists an element w of this Weyl group, 
translating the weight uj in 7r Q — a. Let us note that any representative n w G G 
of the element w maps G/P and P(Vi) into themselves. Besides the component of 
the weight ix a — a of the vector n w v is nonzero (since the component (n w v)n a —a 
is proportional to v u with nonzero coefficient.) Instead of the point (v) we may 
consider the line n w (v) G G/P n P(Vt). 

Let us notice that if v Va — a ^ 0, then the component (s a v), Ta = s a v. lta ^ a of the 
vector s a v is nonzero (here we used that s a ir a = n a — a). By the Lemma |1. II we 
get that (s a v) belongs to the open cell P~P/P. The latter is equivalent to the 
equality (s a v) — (u(s Q ti) 7ra } for u G P~ . Applying the exponential presentation 
of the element u G P~ (i.e. u = exp(^ 7gAp c 7 e_ 7 ) where c 7 G K and e_ 7 is an 
element of the standard basis of the Lie algebra g), we can represent (v) in the form 



(v) = (s Q (exp( ^ c i e -i){ s av)Tr a )) = (exp( ^ c 7 s a e_ 7 )u T[l _ a ) 



2 



Let us show that (v) belongs to a G -orbit of the vector v Wa - a . Assume that it is 
not so. Then in the exponential representation we can find 'y, such that s a ^f ^ A . 
The weight 7r Q — 7 is extremal by the Corollary 11.41 in other words 7 cannot be 
represented as a sum of at least two roots from s a A Pu . Let us show that the vector 
v has nonzero component of weight s a (ir a — 7) = ir a — a — s a j that is equal to 
c 1 e- Sal v^ a - a . From the exponential representation and extremality of the weight 
7r — 7 we obtain that the component of weight s a {ii — /_ y) is equcil to C'yC— Sa jV 7ra _ Q . 
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Assume that this component is zero. This will imply that the vector v JTa ^ a is 
the lowest weight vector of the representation of the three dimensional algebra sfe, 
generated by the triple {e_ Sa7 , h Sal , e Sa7 }. That is impossible by the following 
chain of inequalities (7r Q — a; s a ~f) — (s a ir a ; s a j) — (7r a ;7) > 0. Where the last 
inequality is due to the fact that 7 G p~ and P is the stabilizer of the line spanned 
by the highest weight vector with the weight 7r a . 

Let us notice that the component of the vector v of weight n a — a — s a j does not 
belong to V\ . We come to the contradiction since in the exponential representation 
we have ^y, such that s a ^j (£_ A . Thus we obtain that X^ 7 £A c 7 e_ Sa7 G q . That 
means that exp(^ 7eA(i c 7 e_ Scl7 ) £ U D G . 

From the above we have the inclusion G/P fl P(Vi) C G (vn a - a )- And from the 
G -invariance of the intersection we obtain the equality G/P nP(Vi) = G jP . □ 

Proposition 1.6. Let G be the group of one of the types considered above. And let 
i : G/P C P(V(7r Q )) be the embedding of the flag variety in the projectivization of 
miniscule representation. For the action of torus T consider the set of stable points 
(G/P)^ with respect to the sheaf i*0(l) . Then the complement to the set (G/P)?p 
in G/P has the codimension > 1. 

The codimension of the points from G/P with the stabilizer strictly containing 
Z{G) is strictly greater than 1. 

Proof. Let us denote by W*' the set of elements w G W, such that (wir a ; A) ^ 
for every A G C. By the Theorem 1.6 [10] the set of stable points is described by 
the following formula: 

(G/P) b T = p| (J wBwP/P. 

Let us note that in the Schubert decomposition for G/P there exists only one cell 
of codimension 1, i.e. Bwos a P/ P. Using the previous formula we see that for the 
proof of proposition it is sufficient to show that wos a G . 

Let us set w$\ = — ^a 7 7r 7 G — C, where a 7 ^ 0. The following calculation 
shows that WoS a G : 

-(w s a TT a ; A) = (7T a - a; ~w X) = a a ((ir a ; 7r a ) - - '- - ) + ^ a 7 (7r Q ; 7r 7 ) > 0, 

where we used the fact that in considered cases (n a ;7r a ) — A > 0, and that 
(7r Q ;7r 7 ) > for a simple root system A (see also Prop. 2.4]). 

For the last assertion see [3J Prop. 2.4]. □ 

2. The quotient of G/P by the one-parameter subgroup A 

Let us define the one-parameter subgroup A corresponding to the weight 7r a , by 
means of the pairing with the weights \ S by the following formula 

X (A(t)) =*<*«*>. 

Consider the action A on G/P by the left translations. Let us fix a linearization 
of the action A, defined by a G-linearized sheaf i*0(l), where i : G/P <-> P(V r (7r Q )) 
is the G-equivariant embedding. We can consider the set of stable points (G/P) s 
with respect to the action A (from the proof of the next theorem it will be seen that 
the set of stable points (G/P) s in the case of root system distinct from Eg, coincide 
with the set (G/P) ss of semistable points). By PlTa : (G/P) s — ► \\{G/P) S we 
denote a quotient by the action of one-parameter subgroup A. 
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2.1. Let G be a simple group of one of the considered types except E%. The 
geometric quotient X = X\(G/P) S is equal to the blow up of P(Vi) in the flag 
variety G /P . 

Proof. We shall need a following lemma. 

Lemma 2.2. There exist a projection pg from the considered quotient X to P(Vi). 

Proof. Let (v) 6 (G/P) 8S . To the point (v) we assign the point (v\) £ P(Vi), where 
vi is the projection of v to V\ along the subspace Kv(Tr a ) © V^i- 

Let us notice that this map factors through X. This is a corollary of universal 
property of quotient A and the fact that action on P(Vi) is trivial (the action of 
A(t) multiplies the vectors from V\ by t^-YXa-a) = t (-K a ;-* a )-iy 

It is left to check that po is well defined on (G/P) ss . To prove this let us notice 
that for the groups of considered type G ( except E$) the linear subspace (v„ a } © Vi 
has positive weights with respect to the action of A, and the subspaces V2 © V^z 
has negative weights ( in the case of Eg the subspace V2 has zero weight and V^3 
has negative). Thus for the stability of (v) it is necessary that the component of v 
in the subspace {v Va ) © V\ is not equal to zero. Let the map po is not defined in 
(v), i.e. vi = 0. Then since (v) € (G/P) ss we have v nol ^ 0. Thus we obtain that 
the vector v belongs to the open cell P~P/P. Let us represent v as the exponential 
map from the element of the Lie algebra p~ , applied to the vector v 7ra : 

v = cxp( c 7 e_ 7 )w 7ra = v„ a + — c ^ e ~->' ViTa + __£|£ Z Ti ^ + . . . . 



Since «i = all the coefficients c 7 are equal to zero ( the vectors e_ 7 u 7rct for 
7 G A - have different weights and form the basis p'^v. Ka = Vi). Thus (v) = (v^^, 
but the latter point is unstable. □ 

We split the proof of the theorem into a few steps. First we construct the quotient 
of stable orbits lying in the open cell, then for the orbits lying in the complement 
of the open cell (Steps 1,2). Then using the projection po onto the quotient X and 
the Moishezon contraction theorem [S], we obtain that these sets glue together in 
a blow up (Step 3). 

Step 1. Consider the open cell P~PjP. Let us show that the quotient 
X\(P~P/P) is isomorphic to the projective space P(Vi) with the deleted flag variety 
G'/P'. 

As before let us use an exponential representation v: 

v = exp( ^2 c 7 e_ 7 )i; 7rQ = v Wa + — ^£zl ^ + ( c-ye_ 7 ^ + _ _ 



7 eA f 



EVi ev 2 



Let us notice that the set of coefficients {c 7 } 7 eA Ptl considered up to a multiplica- 
tion by a constant defines the orbit of A, thus the quotient X\((P~P/P) \ (v Wa )), is 
identified with P(Vi). To obtain that X\(P~P/P) SS we have to delete from P(Vi) 
those points (c 7l : ... : c 7dimVi ) for which the corresponding orbits X(t)(v) are 
unstable. 

The orbit of the point (v) from the open cell is unstable iff v belongs to Kv(ir a ) © 
V\. Let us prove the following lemma: 

Lemma 2.3. Let v £ WLv(n a ) © V\. Then we have an inequality: 

limA(t)(G/PnP(K«(7r a ) ®Vi)) = (G/P)nP(V x ) = G'/P'. 
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Proof. Applying Proposition 1 1 . 5 1 we see that we need to prove the following limit: 
t^o t^o l! 



E C 7 e ~7„. \ //J 



lim^ + ^pl« w J = (^jf^O £ P(Fx). 

Here we used that (7r Q ;7) = 1 for all 7 e Ap«. We also notice that (vi) — 
limA(t)(u>. □ 

By Lemma [2.31 we get that for (v) ^ (P~P/P) 3S we have the inclusion (vi) 6 
G jP . Let us show that this condition is also sufficient. Consider the vector 
v = cxp(e_ Q ,)w Trci = v Va + e- a VTr a , it is easy to see that (v) ^ (G/P) ss . Since 
G and A commute the orbit G (v) is unstable. Besides the projection is equal to 
Po(G'(v)) = G'( Vl ) = G'/P' C P(Vi). 

From what was said above and from isomorphism X\((P~P/P) \ (v?^)) = P(Vi) 
we get that unstable points project by means of po exactly onto G / P . Thus we 
proved that \\{p-p/P) ss = P(Vi) \ (G'/P'). 

Step 2. The space of stable orbits from the complement to P~P/P is isomorphic 
to the projectivization of the conormal bundle in P(Vi) to the flag variety G / P . 

From Lemma 11.11 and 12. 2[ we get that the stable orbits from the complement of 
to P~P/P satisfy the following condition: 

• The component of vector v of weight ix a is equal to zero (since (v) ^ 
/'„ /'/'')• 

• The component of vector v that belong to V\ is nonzero (by the stability 
of»). " 



In particular these orbits belong to the closure of the Schubert divisor B~ s a P/P. 
Indeed in the Bruhat decomposition of G/P there is a unique cell of codimension 
one B~ s a P/ P; and it contains in its closure all cells of smaller dimension. 

Lemma 2.4. Let (v) € P(V(7r Q )) be a stable point such that the component of 
vector v of the weight Tr a is nonzero. Then the component v% of vector v that belong 
to Vi is distinct from zero and (v±) 6 P(Vi) PI G/P. 

Proof. Consider the decomposition v = X)j>i v i f° r v i ^ besides we are given 
Vi 7^ 0. Then we have an equality: 

lim (X(t)v) = lim (vi + V t~ i+1 Vi) = (vi). 

i>l 

Since lim t _^ 00 (A(i)v) 6 G/P this proves the lemma. □ 

Let us notice that the action of G commutes with \(t), and the intersection 
P(Vi) (~l G/P = G' /P is a single orbit by Lemma fL5l By Lemma [2T4l for the 
component V\ G V\ of vector v we have the inclusion (vi) 6 G /P . Acting by 
an element from the group G we may assume that v\ = v na — a . Let us represent 
an element v in terms of exponential map (from the element of u) applied to the 
vector v„ a — a . 

1 E C 7 e ~7 , (E C 7 e ~7) 2 , 

u u 7r a — a 1 -^j u 7T a — a 2J u 7T a —a < . . . . 

By the assumptions we have ir a — a — 7 ^ supp(Vi) that implies that the coef- 
ficients c 7 can be nonzero only for the roots of type 7 = ma + k/3 + Seen" a0 ® 
where ag J? only when m, k > 0. 

Since P stabilizes (i>7r a — a) the vectors with the weights 7r Q — a + 7 form a P - 
module N. (The vector subspace N is isomorphic to the module p~v 1Ta - a . The 
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structure of the P -module p~w Wa _ Q is defined as follows. For p G P taking into 
account the equality p v^ a ^ a = v 1Ta ^ a we get p p~v Va ^ a — (Ad(p )pZ){p ^Vc-a) C 
p~v 7Ta - a , where Ad(P ) : p~ is an adjoint representation.) 

Let us prove the following lemma on the structure of the P -module INT. 

Lemma 2.5. Let 7 G A Pu be a positive root such that ir a — a + 7 G supp(N). 

Consider a decomposition 7 = ma + k/3 + X^en" a 8® °f ^ e ro °t 7 ^ n ^ e sum °f 
simple roots. Then in this decomposition we have k = 2, m = 1. We have the 
inclusion INT C V 2 . And the equality (a; 7) = take place. 

The module N is a simple P -module with the trivial P u -action. As G k P u - 
module it is isomorphic to the fiber of the conormal bundle to the flag variety 
G' /P' C P(Vi) in the point {v{n a - a)). 

Proof. Let us denote by V[ and V 2 the irreducible L'-submodules in Vi that are 
the graded components of the weights {-k^-k^) — 1 and (7^; 7Tg) — 2 correspondingly 
with respect to the pairing with ng . 

First let us notice that as L -module the fiber of cotangent bundle to G jP 
in the point (v(ir a — a)) can be identified with the module p u _ w(7r Q — a), that is 
isomorphic to V l by Lemma 11.31 Thus the fiber of conormal bundle in the point 
(v(ir a — a)} is identified with factor module Vi/(Kw(7r Q — a) © V 1 ). By the Remark 
If .21 we have isomorphism of L -modules V 2 —V\J {Kv (■K a ~a)@V l ). Since the fiber 
of conormal bundle as L -module is isomorphic to a simple module V 2 , P u is acting 
on it trivially and Z(L ) is acting by the multiplication with the scalar. Thus for 
the proof of the last part of the lemma it is sufficient to check the isomorphism of 
G -modules N and V 2 . 

Let the coefficient c 7 is not equal to zero for the root 7 = ma + kf3 + ^ ag8 

eeii" 

(where ag > 0). Since the weight s a ir a — 7 belongs to the weight polytop, the 
weight 7r Q — s a 7 also lie in this polytop. Thus we obtain that s a j G A Pu . Using 
the equality s a /3 — (3 + a and the fact that s a fixes 9 G LT we obtain 

s Q 7 = —ma + k{fi — a) + ag9 = k/3 + (fc — m)a + ag9 

een" sen" 

Since s a j G A Pu from lemma If .31 it follows that the coefficient of a in the 
decomposition of s a 7 in the sum of simple roots is equal to 1 that implies k — m = 1. 
Since V\ is miniscule representation, for the root systems of types A4, D§ or Eq then 
the coefficient by /3 in the decomposition of s a j is not greater than 2 (this follows 
from the fact that the vector of weight s a j — a belong to the graded component 
with the weight not less than (71^; 71"^) — 2 with respect to the pairing (7Tg; •), see 
Remark If .2|) . Thus we get m = 1 and k — 2. Since the coefficient of /3 in this 
decomposition is equal to 2 the root s a -f belongs to V 2 . In other words we get that 
the element s a maps the module N in V 2 . Since the element s a is acting trivially on 
G by the conjugations it gives the map of the G -module N into the irreducible 
G -module V 2 . Since s 2 a = 1 this map gives the isomorphism of these modules. 
That is required. 

We are finished by providing the following calculation 

(a; 7) = (a; a + 2(3 + ^ a e 9) = (a; a) + 2(a; j3) = 0, 
fen" 

where we used the equalities (a; j3) = —1, (a; 9) = for 9 G II . 

Since L differs from G by the central torus from the isomorphism of G - 
modules V 2 and INT we get the isomorphism of L -varieties ^(V 2 ) and P(N). □ 
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Proposition 2.6. The orbits (X(t)v) of the points (v) £ (G/P) ss with the condition 
v 7Ta = are parameterized by the variety G * P > P(N). That is isomorphic to the 
projectivization of conormal bundle to G / P . 

Proof. It is easy to see that the orbits (X(t)v) with the conditions v To = and 
Vi = v -K a -u are parameterized by the projective space P(N). Since N C V% the 
one-parameter subgroup X(t) is acting on INT by the multiplication with t~ 2 , and on 
the vector v 7Ta - a by the multiplication with t ■ Thus the map 

'(v,v*(-ir a +a + 7i)) (v,v*(~ir a + a + 7dim^))~ 



(v) 

\ («,«*(— 7r a + a)) {v,v*(— 7r a + a)) 

identifies the considered space of A(i)-orbits and P(3\T). (Let us notice that 
^ V (v t>*7-^ + +"))^ * S ^ e coen ^ c i en t c 7 by the vector e_ 7 w Wa _ Q in the exponential 
representation for (v).) By the Lemma T2.5I P(J\f) is isomorphic to the projectivisa- 
tion of the fiber of the conormal bundle in the point (i^-a)- 

By Lemnia l2"H1 the variety of orbits (X(t)v) such that v^ a = projects surjectively 
by means of po onto the flag variety G / P . Since the projection p$ is G -equivariant 
we obtain that G * P ' Po 1 {( v Tr a -a)) — G * p > P(3Sf) (where we used the isomorphism 
of P -varieties Po ({ v Tr a -a)) — P(N) from the paragraph). 

The homogeneous bundle G * p t P(K) is isomorphic to the projectivization of 
the conormal bundle to G jP . Indeed by Lemma [53] the fibers over eP jP of the 
considered bundles are isomorphic as P -variaties. By the G -equvariance we get 
the isomorphism of the projective bundles. □ 

Step 3. Denote by C X the divisor corresponding to the subvariety G * P > 
P(3\f) in X and by Ljj the line bundle corresponding to this divisor. 

To finish the proof of the theorem l2.1l we shall use Moishezon contraction theorem 

To apply it we need to proof the following proposition. 

Proposition 2.7. For every point x G Dys the restriction of the line bundle Lj^ on 
the fiber Pq 1 (po(x)) (that is the fiber of the projectivization of the normal bundle 'N 
to the flag variety G / P ) is isomorphic to the line bundle 0(— 1). 

Proof. First let us notice that we can assume that the line bundle Ljj is G - 
linearized. The divisor Djj is invariant with respect to the action of G . The 
projection po is G -equivariant and the latter group is acting transitively on 
Po(Dn) — G jP . From the above it is sufficient to check the condition of the 
Moishezon contraction theorem only for one point x 6 Djj. 

Let us describe the line bundle L^. Let us recall that the preimage of the 
divisor Djj by the quotient morphism is the divisor that is equal to the intersection 
of the Schubert divisor B~s a P/P and (G/P) ss . The line bundle corresponding to 
this divisor can be described as L = G *p k 7Ta (where k na — is one dimensional 
module where P is acting by multiplication with the character 7r Q ). Let us notice 
that the section of the line bundle £x can be considered as the function on 
(since the linear system corresponding to defines an embedding G/P C F(V Wa )). 
The section those zero set is equal to B~s a P/P is described by the equation 
{v*_^ ; .} = 0, it is semiinvariant with respect to the action of B~ with the weight 
— 7r Q (cf. for example [ID]). 

We want to take the decent of the sheaf to the sheaf on the quotient 
of the set (G/P) ss by the one-parameter subgroup A in such way that the Weyl 
divisor defined by the section (v*L na ; .} = after the quotient morphism p^ a maps 

in the section of the line bundle Lyf (cf. [T3]V 
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We can obtain this by making the section (v*L n ; .) = invariant with respect to 
A. This can be achieved by taking instead of the line bundle Lyj the line bundle 
Lj^ ® k- Woi isomorphic to the previous one with the action of A twisted by the 
character — n a . The image of the divisor B~s a P/P on the quotient X is defined 
by the section («*„.; •) = of the line bundle \\(Lyj ® fc-O- 

For the fiber of po on which we want to restrict the line bundle — £>w we chose 
the fiber over the point v 7Ta - a . Then the fiber over this point is defined by 
cxp( c 7 e- 7 )s a P/P. The restriction of the line bundle — Ljj <8> k 7Ta to 

7r a — a— 7EN 

this fiber is defined by the formula 



-a— 76N 



(-£>r <S> k Va )\ Dyi = exp( y c 7 e_ 7 )s a P * P (k- Va <g> k Va ). 



This is the line bundle over the affine space K and its quotient by A is the line 
bundle over the projective space P(K). To prove that the latter line bundle is 
isomorphic to 0(1) one can check that when we multiply the coordinates {c 7 } by 
t the fiber of the line bundle is multiplied by This assertion follows from the 
line of equalities: 

A^-^-^^JK = 
= (A(t)- 1 cxp( J2 c 7 e_ 7 )A(t)A(t)- 1 s Q P * P fc_ w J ® A^)" 1 /^) = 

7T a —a — 'y^'N 

(exp( £ c 7 A(t)- 1 e_ 7 A(t))s ct (s ct A)(t)- 1 P * P fc_ OT J <g> A(t) _1 fcirJ 
(exp( £ c 7 ^ 7r ^e_ 7 )s Q P * P t-^"- a --^k^ a ) ® t-^^KJ 

7T a — a— 7E3NT 

(exp( X) c 7 te_ 7 )s a P * P ® H^'^fcO 

7r a — a— 7EN 

(exp( X c 7 te_ 7 )s Q P * P t~ 1 k- 7Ia ) ® k Va , 

7r a — a — 7EN 

where we used the equalities (a, 7r Q ) = 1, A(t) _1 e_ 7 A(i) = t^' 7 ^e_ 7 and also 
(s a A)(i) = s a A(f)s Q = i( s «^.-> = f<Ta-«.->. □ 

We apply the Moishezon contraction theorem to the morphismpo : X — > P(Vi) 
and exceptional divisor Dyj that contracts onto the flag variety G jP . We obtain 
that X is the blow up of P(Vi) in the flag variety G jP . That finishes the proof 
of the theorem. □ 

Remark 2.8. From the proof of the previous theorem we can get the description 
of G /P C P(Vi) as the set of zeros of the homogeneous system of equations 
(generating the ideal 8 G < / P >)- First let us define the open cell P~P/P from G/P 
as the exponential map of the Lie algebra p~ applied to v 1Ta : 

v = cxp( ^ c 7 e_ 7 )w 7ro = v Va + — c ^ e ^ + (Z) c 7^-t) v ^ + _ 

7£A P „ ^ ' " ^ ' 



As we observed the set of nonstable points with respect to X(t) is defined by the 
condition V2 = that implies that the component in the subspace V^3 also should 
be zero. These conditions can be rewritten as the system of equations on {c 7 }: 

M c ) = X! c 7 C5(e_ 7 e_<5ivJ = 0, 

7T — 7 — 5=[l 

for n G Supp(V2). Let us notice that the weights of all quadratic polynomials are 
different. I.e. the component 3 G ' / P ' (m) 01 the weight \x in the ideal 3 G ' / P ' has the 
dimension 1. 
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In the Lemma 12.31 it was shown that 

Bm\(t)(p-p/Pn¥(Kv(n a )®Vi)) = G/PnP(Vi) = G'/P'. 

Since the action of X(t) do not change the set of homogeneous coordinates {c 7 } 
the flag variety G /P in the projective space P(Vi) is defined by the system of 
homogeneous equations p M (c) = ( (i G Suppfa))- 

Later we shall need the equations corresponding to the vanishing of the compo- 
nents lying in V3: 

7T a — /J,!— H2— M3=« / 

that vanish on the flag variety G / P . In the case of Ej it is a single equation for 
which v = — 7r Q . 



3. The quotient by the subgroup A of the flag variety GjP from P(g) 

IN THA CASE OF TYPE E s 

Let us study the case when the root system A has the type E%. Instead of 
miniscule representations Eg we should consider the case of adjoint representation 
Ad : q. Our first task is to study a P -module N = (p~v(TV a — a)) (cf. fig. 2). 

— 7Ta 




7Ta 7Ta 



fig.2a) b) 

The module INT consists of the weights of type s a ir a — 7 = s a n a — ma — k(3 — 
^2 ag8 where to, k > and a§ ^ 0. Our aim to define the values of m, k and 
0en" 

to find decomposition of IN" in the irreducible G -submodules. We shall need the 
decomposition of V\ in the sum of simple G -modules: 

Vi = Kv(ir a - a)® V' x © V2 © V3 . 

On the figure 2b) we have the orthogonal projection of the weight polytop on 
the plane generated by a and ir a (since ir^ = ir a /2 — a, supp(V r i ) projects in the 
point). 

Proposition 3.1. Let 7 € A Pu be a positive root such that 7r Q — a + 7 £ supp(X). 
Consider the decomposition 7 = ma + k(3 + X^een" a ®® °f ^ e r00 ^ "f * n ^ e sum °f 
simple roots, where ag ^ 0, m,k > 0. Then we have the following possibilities for 
the coefficients m,k: 
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• The vector with the weights ir a — a + 7 with m = 1, k = 2, belong to V 2 
and form a simple G -module isomorphic to V 2 ■ In this case we have an 
equality (a; 7) = 0. 

• Let m — 1, k = 3. This condition is satisfied by the unique vector h^ a ^ a 
with zero weight. There is an isomorphism of G -modules N PI V2 = 

k/i^-c © v 2 . 

• Let to = 2, k = 3. This condition is satisfied by a unique vector v(—a) 6 V3. 

The projective space P(NnV2) is isomorphic as P -variety to the projectivization 
of the fiber of normal bundle to the flag variety G / P C P(Vi) in the point (v(ir a — 
a)). 

Proof. Let us represent the weights of the module 3sf in the form s a ir a — 7 = 
s a n — ma — kf3 — ^2 o^gO for m, k > 0. We apply to these weights the reflection 
eeii" 

s a . The weight s a Tr a maps to the n a . Let us notice that the weights tt — s a j belong 
to the weight poly top. S incG SaT is ^ root by Lcnimci II .31 W6 get s a ^f £E Qui 

that is 

equivalent to s a Ti a — 7 S Vi ® Ke_ 7ra u(7r Q ,). In the adjoint representation we have: 
e-7r Q v(7r Q ) = [e-n^e-Ka] = K a S f). 
We have the equality 

s a "f = —ma + ka + k/3 + ag8. 

Sen" 

Let us notice that k ^ 3 since the miniscule representation G : Vi has the 
grading not greater than 3 with respect to the pairing with tt^ (the pairing with ng 

is not less than (n^; %g) — 3). Let us describe the vectors 7 and the weights of the 
module N. Consider the following cases: 

Let 7r Q — s a "f = (k — m = 2). From this we get that the weight (7r Q — a) — 7 is 
equal to zero. The corresponding vector is equal to 

^a- 7r a {^- — a^i^a ) ) — f-a- 7r Q v(7T a — [^a — 7r a 5 ^7r a — a] ^7r a — a ■ 

Let 7r Q — s Q 7 € V^i (in this case m — k = 1). Then we can decompose the 
representation of the group G on V\ in the graded components with the grading 
defined by the pairing with n^: 

Vi = Kv(TT a - a) © V x © V 2 ' © V'z- 

Let k = 3, to = 2. Then the weight space in consideration belong to V^, that is 
one dimensional and spanned by the lowest weight vector v T of the representation 
G : V\ . Since G : V\ is self dual (the root system E7 does not have automorphisms 
that are not inner) 7r a — a = — r mod Qtt thus we have t = a. The corresponding 
weight vector is e-^^vi^a — a) — v{—a). 

If fc = 2, to = 1 then 7r Q — s Q 7 G V 2 . In this case the element s Q gives an 
isomorphism of the simple G -module V 2 and a submodulc in N. In this case we 
have an equality (7; a) — 0. That follows from (7; a) — (a + 2/3 + ^2 ag9; a) = 

een" 

(a;a) + 2((3;a) = 0. 

Let us prove the following proposition. 

Proposition 3.2. The projectivizations of factor module Vi/(V\ ©Ku(7r Q — a)) and 
module NnV^ ore isomorphic as P -varieties. The first module is identified with the 
fiber of normal bundle to the flag variety G / P C P(Vi) in the point {v(jr a — a)). 

Remark 3.3. The modules N n V 2 and Vi/^ © Kv(ir a — a)) are isomorphic as 
G x P u modules but not isomorphic as P -modules. 
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Proof. First let us notice that the module Vi/(V 1 © M>v(n a — a)) can be identified 
with the following L module V = V 3 © V 2 with the following action of ep (P is 
generated by exp(e j a) and L ): 

• On the component V 2 the action of ep is trivial. 

• On V 3 the action of ep comes from the action on V±. 

Remark 3.4. To prove that P is generated by exp(e^) and L it is sufficient to 
notice that the linear span of the elements L ep generates the Lie algebra p u . The 
last assertion is due to the fact that on the unipotent radical p u the action of L is 
irreducible. 

From the above we have a decomposition Nfl V2 ■= Kh^^-a © "N 2 as the sum of 
irreducible G -modules; where the module Ji 2 is generated by the vectors e^v(ir a — 
a) for the roots 7 £ p u such that e Sal v(ir a ) £ V 2 . 

Our aim is to show that the element e_ Q maps V in the module K^/i-^-q, + vq) © 
N2, where v$ is some vector of weight zero. We shall show that epvo — that will 
imply that G k P u -module K(/i lrct _ Q , + vq) © N 2 is isomorphic to N Pi V 2 . 

Let us prove that e_ Q maps the G -module V 2 in N 2 - Indeed the weights of V 2 
are of the form ir a — (a + 2/3 + a e&) and the map into the set of weights of 

een" 

N2 by the action of s a . The weights from the latter module can be written in the 
form Tr a — (2/3 + ^ agff). This implies that they are obtained from the weights 
een" 

of V 2 by subtracting a. Let us notice that the action e_ Q commutes with G (the 
root a is orthogonal to the roots from A corresponding to the group G ). Since 
G -module V 2 is simple, for the proof of the isomorphism it is sufficient to check 
that e- a V 2 ^ 0. Let us choose a weight vector v x £ V 2 . The weights x and \ ~ a 
are the ends of the edge of a weight polytop (see Corrolary II. 4p , that implies that 
the vector e- a v x is nonzero. 

Next let us notice that e —a nicips the weight vector from to the vector c— a v a — 
h a . We have [ep\h a ] = (/3;a)ep = -(P;ir a -a)ep = -[ep; K a - a ] since {j3\n a ) = 0. 
Thus we obtain that G^ a v a — h a — 

-K a -a + vo for some vector v , annihilated 

by ep. 

At last we are left to show that the morphism e a : V — > Ch 7Ta ^ a © N 2 is 
equivariant with respect to the action of ep. Since [ep; e_ a ] £ Qp~ a = ( this holds 
since the difference of the simple roots is not a root) we get a chain of equalities: 

epe- a V 2 = e- a epV 2 + [ep;e- a ]V 2 = e- a epV 2 , 

that is required. 

Let us notice that the element and the algebra g + p u generate p . Thus 
for the proof it is sufficient to check that h^/ act in the same manner on P(Xfl V 2 ) 
and P(Vi/(V 1 © Kv(ir a — a))). But this is a corollary of the equality 
supp(Nn V 2 ) = supp(Vi/(Vi' ©Kw(tt q - a))) + a. 

□ 

This proof of the lemma finishes the proof of the proposition. □ 
Let us introduce some additional notation. 

Consider the set of stable points {G/P) s e for the action of A (corr. T) With 
respect to the very ample bundle M = 0(2) \g/p © fc-7r Q ■ As a sheaf it is isomorphic 
to 0(2) |cy p but the action of A (corr. T) is twisted by a character —ir a . After such 
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linearization we cam assume that A is acting on the component Vi with the weight 
t 3 ~ 2 *; and the weights of the subspace (v„ a ) © V\ are positive and the weights of 
V^2 are negative. 

Weighted blow up and weighted projective space. 

Here we recall the definition of the weighted blow up adapted to our situation. 
Let P(V) C P(Kw © V) be a natural embedding of a projective space as a subspace 
w = 0. Let us define on P(Ku)© V) the involution i acting by the formula i(w) = —w 
and i(v) — v for v € V. Consider the quotient P(Kw ®V)/i of the subspace 
P(Kw © V) by the action of involution i. This quotient is the weighted projective 
space with the weights (2, 1, ... , 1) (cf. [5]). The quotient map 

Pl : F(Kw © V) ^ P wt (Kw © V) 

can be written down in homogenous coordinates as 

p l : (z : Z\ : ... : z n ) — > (z% : Z\ : ... : z n ). 

On the variety ¥(Kw®V) the ramification locus of p that is equal to the set of fixed 
points with respect to the involution i consists of the divisor P(F) = (0 : z\ : . . . : z n ) 
and of the isolated ramification point (1 : : . . . : 0). The points of the divisor 
p((0 : zi : ... : z n )) C F wt (Kw © V) are smooth points of P wt (Kw © V), and 
a point p((l : : . . . : 0)) is an isolated singular point. Let us note that the 
weighted projective space P(Kw © V)/i is the cone over quadratic Veronese map 
of the projective space P(V) (cf. [5]). This map can be written in the weighted 
homogeneous coordinates as 

¥(Kw © V) -> F wt (Kw © V) F(Kw © V® 2 ) 

(z : Z\ : ... : z n ) -> (z 2 : Z\ : ... : z n ) ->■ (z% : z\ : . . . : z Zi : . . .)o<j<i 

Consider V — Vq © Vi where (zi, . . . , Zk) are the coordinates in Vb and 
(zk+i, ■ • ■ , z n ) V\. Then we can consider a weighted blow up of Kw © V in the 
subspace Vi with the weight 2 on the subspace Kw and weight 1 on the subspace 
Vb- It can be described as a subvariety of V x P^Kv © V\) (where P wt (Kv © Vb) 
is the weighted projective space with the weights (2, 1, ... , 1) and the coordinates 
(£o : £i : • • • : 6c)) by the following system of equations: 

On the invariant language it is a weighted Proj wt (0 d n ) where 3 = 
(zq, z\, . . . , Zk) is the ideal defining V\. Here we assume that the coordinate zq 
has weight 2, and the latter coordinates have weight 1. 

Our main task is to study the quotient X\(G/P)l s for the case of the simple 
group of type Eg. The latter set probably has more complicated description than the 
corresponding set from the Proposition but for construction of the embedding 
of T it will be sufficient to apply the results about this set obtained below. 

The arguments repeat in general the proof of Theorem 12.11 We shall give their 
modifications. 

Proposition 3.5. Let F wt := F wt {{e- 7!a v. Ka ) © Vi) be a weighted projective space 
with the weights (2, 1, ... , 1) obtained as a quotient of the vector space (e_ 7ra w 7ra )ffiVi 

dim Vi 

by the action of one-parameter subgoup A. The flag variety G / P embedes in ¥ wt 
asa composition of natural incusions G jP C P(Vi) C V wt . 
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The quotient X\(P U P/ P) s e is isomorphic to P w t \ (G / P ) the subset of¥ wt with 
deleted flag variety G / P . 

Proof. Consider the orbit (\(t)v) C P~P/P. Let us represent the vector v as the 
exponential map of the Lie algebra p~ applied to the vector v^ a : 

v = exp( c 7 e_ 7 )w 7rQ = v Ka H v na + 
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6V 2 

(In other words we consider the embedding of the open cell P~P/P in the space 
P(V(7r Q )) as an orbit of the point (v„ a ).) 

Consider the expression for the component vq of the weight zero for the vector 

v. 



^0 ^7Ta ^ — 7T a ^7Tn ~t~ 2 ^ ^ ^7 ^7T a — 7 ( ^ — 7 ^ — 7T Q +7 ~T" ^ — 7T a +7 ^ — 7 ) ^7T a 

7eA Pu \{7r Q } 

Using the inclusion 5(3 C g defined by the positive roots {7, ir a — 7,7r a } we 
can show by the explicit calculations for SI3 that the expession (e_ 7 e_ 7rcl + 7 + 

e_ 7rQ+7 e_ 7 )w 7 r cv is proportional to (h f — /i_ Wa _)_ 7 ) = h^^^-y- Since (7r a — 27; 7r Q ) = 

we get that when Ci n = the vector vq satisfies the equality (vo^h^^) — 0. That 
implies that orthogonal (with respect to Cartan-Killing form) projection of v to the 
component h 7ra G V2 is equal c Wa e_ 7ra w Wci . 

Let us notice that 

(X(t)v) — (v Wa + ^2 t c i e —y v TT a +t 2c ->r a e —K a v T a + y ( te 7 e_ 7 ) 2 u 7rQ +. . .). 

7eA Pu \{7T c ,} ' yeA Pu \{ir a } 

It is easy to see that the set of coefficients (t 2 c 7ra ,tc 7l , . . . ,tc 7dilnVi ), where 
7i S Ap u \{TT a } defines the orbit of X(t) from the open cell. Considering A- 
equivariant map (P~ P/P) \ {v(ir a )) — > F wt : 

/ v \ ( (^hJhzl ■ ( V i V (-l r <x + 7l)) . . {v^vj-TTg + 7dimVi) ) ' 

\(v,v(-TT a )) ' (v,v(-TT a )) (v,v(-lT a )) 

we get that the isomorphism of the considered space of orbits to the weighted 
projective space Pu,t((/i7r Q ) © Vi)- 

It remains to settle which points of V w t correspond to the unstable orbits and 
should be excluded. The orbit X(v) is unstable only in the case when the com- 
ponent of vector v belonging to V^2 is equal to zero. In particular the compo- 
nents c-K a e--K a Vit a ( X) c 7 e_ 7 ) 2 u Wa that are orthogonal with respect to the 

76A Pu \{7T cl } 

Cartan-Killing form should be zero as well. Since v € Kw vrQ © Vi, By Lemma |2~51 we 
get lim t ^o X(t)(v) = (vi) € P(Vi) n G/P = G' / P , (where vi — is the projection 
of v on Vi). 

Thus for the inclusion (v) ^ (G/P) ss it is nessesary that c Io = and (vi) G 
G / P . This condition is also sufficient. Let v — exp(e_ Q )u 7ra = v 7Ta + e- a v 7!a it 
is easy to see that (v) ^ (G/P) ss . In the same time since G and A commutes, the 
orbit G (v) is unstable. In this case the projection of G {v) on P(Vi) is equal to 
G (vi) = G / P . Since the map X\((P~ P/P) \ (v^^) — > V wt is an isomorphism we 
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obtain that the unstable orbits project exactly to G jP C P w t i.e. \\{P U P/P) ss — 
F wt \(G'/P'). □ 

Let us describe the set of A-orbits that do not belong to the open cell. Applying 
Lemma 12.41 and 11.51 we obtain that for the component vi G V% and vector v we 
have the inclusion (17) G G /P . Acting by G we can assume that v\ = v 7Ta (since 
the action of G commute with A). We also obtain that the image of orthogonal 
projection on P(Vi) of the set of A-orbits that do not belong to the open cell is 
equal to G / P . 

Lemma 3.6. Consider the space of X-orbits of the points (v)such that the projection 
of v on the subspace {v^J) © Vi is proportional to v Va - a . This orbit space as a G - 
variety is identified with the quotient of the module {e- na v(Tt a — a)) ©N[~1 V% by the 
one-parameter subgroup A where A is acting on the first component with the weight 
2 and on N fl V% with the weight 1 . 

Proof. Let us represent v as the exponential map from the element of the Lie algebra 
u), applied to t) Ia _ a . We get that 



where both sums are taken over the roots 7 such that 7r a - a + 7 £ Nfll^' 

Let us show that the component w_ Q of the vector v is equal to c 7ra e_ 7ra u^ 
Let us write down its value: 



- y 



7 + <5— 7T a 

where 7, 5 G A Pu are such that ir a — 7,7r Q — 5 G supp(V 2 ). But from the last 
inclusion we obtain that the equality 7 + 5 = n a is not possible (Indeed the last 
equality contradicts the equalities (7 — 7r Q ; ir^) = (6 — ir a ', Kg) 7^ and (717, ; 71"^) = 0). 
Frow which we get v a — c 7rQ e_ 7rQ t; 7rQ _ Q ,. 

The set of coefficients (t 2 c 7Ta ,tc 7l , . . . ,fc 7fc ), where 7^ G Ap u \ {n a } define the 
orbit uniquely. Thus the set of orbits can be identified with the weighted projective 
space ¥ wt (Ke- Va v(Tr a - a) © Nn V 2 ). □ 

Remark 3.7. For the points (v) G (G/P)* s different from (v^ a + Kh na ), the 
orthogonal projection on the subspace V% is not equal to zero. This defines a A- 
equi variant projection on P(Vi) as well as the map 

<r : A\\((G/P)f \ (v^ +KKJ) -> F(Vi) 

By Z?/ l7r we denote a G -invariant hyperplane section in P(V) defined by the 
vanishing of the coordinate by the vector h„ a . From the Remark l3.7i t follows that 
we have well defined A-equivariant projection on P(Vi) of the set {G/P) s e s fl P>h 7Ia 
that defines a map 00 : A\((G / P)J S fl Dh^ a ) — ► P(Vi). Our next aim is to study 
the quotient A\((G/P)| S flD^J in the neighbourhood o-^ 1 (z) where z G G jP C 
P(Vi) is the sufficiently general point. 

Let us choose in P(V) the affine chart U a = {(v) G P(V)K a -a ^ 0}. We 
recall that conormal bundle to G jP C P(Vi) is identified with G * P ' INT where 
N = Pi/((w Wq _q.) © ) is a fiber over the point v Va - a . (The fiber 3\f has a structure 
of P -module.) 

Consider the restriction of the considered conormal bundle on the open cell 
P'-P' IP' = G' /P' n U a . On P'-P' IP' we have a transitive action of the 
group P ~ , and the stabilizer of the point eP jP is equal to L . This implies 
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that tha restriction of the conormal bundle is isomorphic to P * L > N\ L ', where 
— ^2 © ( v a) is a P -module 3\f considered as an L -module. In particular 
the last isomorphism claims the restriction of the conormal bundle on the open cell 

P U ~P IP 

is isomorphic to the direct sum of subbundles P * L ' V 2 and P * L > (v a ). 

Proposition 3.8. The quotient X\((G/P)l s fl PI VL a ) is isomorphic to the 

weighted blow up of the variety P(Vi)nU Q in the subvariety P u ~ P jP . The preim- 
age of P u ~ P / P is isomorphic to the projectivization of the conormal bundle to 
P u ~ P jP in P(Vi) nU„, and the fibers of subbundle P ~ * L ' (v a ) have the weight 
2, and the fibers P ~ * L ' V 2 have the weight 1. 

Remark 3.9. During the proof it will be stated in a precise way how we define the 
weights for the weighted blow up and we shall give the explicit equations defining 
it. 

Proof. Let (v) £ (G/P) s e s nU„. Applying Lemma [PI let us represent the vector v 
as the exponential map from the element of the Lie algebra u £ Ad(s Q )p~ applied 
to the vector v^ a - a : 

v = escp(u)v^ a — a 

The map Ad(s a )p~ — > Ad(s a )p~v na - a C V defines an L -equivariant embedding 
of the Lie algebra in the G-module V. We have the following isomorphism of the 
L -modules: 

Ad{s a )p-v^ a ^ a ^ (v n J © V x © s a V 2 ' (B (v- a ) 
The last decomposition allows us to represent the vector v in the form 

v = exp(b a e a + ^ b s e -s + X] c^e- y + ^e-^v^-a, 

TTc-a-aesuppV-i' 7r Q -Q-7Gsupp V 2 

for 7, S £ s a A. - . Also we should note that the pairing with the weights ir a and 7r^ 
define ^'-invariant gradings on V(ir a ). Their values define uniquely the components 
of the decomposition of the module Ad(s a )p~v 7ra - a into irreducible L'-modules 
given above. The latter means that using this gradings we can define in modules 
the lie the corresponding monomials in the exponential representation of vector v. 
This implies that the component of vector v with the weight 7r Q — a — S £ supp V 1 
is equal to bse-sv- !Ta ^ a , the component of weight 7r Q — a — 7 £ supp V 2 is equal to 
c 7 e_ 7 u 7rQ _ Q , and a component of weight ir a — 7 £ supp V 2 is equal to 

^7r a — 7 — ^ ^ ^82 8\ ^ — 82 — 82 &—6i )^7T a — a ^~ ^J^a^7 (^a^— 7 _ t - ^~7^a)^ , 7r Q — 

7— 5i+(52+a 

l=8i+82+ct 

where n a — a — Si £ supp V 1 , and an equality holds since [e~s 2 ] e -«5i] = [e Q ; e_ 7 ] — 
0. 

Now let us find a coefficient of h^ a . Let us begin with writing down the compo- 
nent of the weight zero for the vector v. 

2| ^ ^ b$C~{ (e_^e_ 7 ~l~6_ 7 C_ 5 )^7r Q — a ~t~C7r Q —a& — Tz a -\-aV-n a —a 2!^~ a^ir a ^7T n +q 
(5+7— 7r Q — a 

7) ^ bfiC^h— K a +a-j-2{5 ~t~ C-7r Q — q — 7r Q +Q ~^^—aC-jT a h 7ra -^- a: 



(5+7 — 71"^ —a 



where we used the equality ese-^ + e_ 7 e_5 = h Va ^ a ^ 2 s (obtained by the calcula- 
tion in s?2-subalgebra generated by e~s and e_ 7 ), and the equality e_ 7rQ + Q w 7rQ _ Q = 
h Va - a (that is rewritten equality [e_ Wa + Q , e 7rQ - Q ] = — /i^-o). 
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Taking into account that {5,Tr a ) = 0, and that the lenghts of the projections 
h na - a and h 

iT a -\-a on the component h 7Ta are equal to (ir a - a,ir a )/(ir a ,ir a ) = 1/2 
and {it a + a, 7r a )/(7r a , 7r Q ) = 3/2 respectively we obtain that the projection of v on 
the component h 7!a is equal to: 

_1 1 v 3 

S+~y — ir a — a 

Let us write down the component of weight a for the vector v: 

v a = ^ bs 1 bs 2 bs 3 e-s 1 e-s 2 e-s 3 v 7ra - a + 

61+62+63=7^0— 2a 

5+7= 7r a — a 

Let us notice that in the last summand we omitted the zero monomials 
e^e a e^sVTT a - a and e_ 7 e_5e_ ct u 7I - Q _ ct . They are trivial since the weights of the 
vectors e a e^sv 7ra - a — £-se-aV-K a -a are equal to n a — 6 and these weight do not 
belong to the weight polytop of the representation (that follows from the equal- 
ity (n a ;5) = 0). Also we have e a e^^e—sv 7ra — a — 0. Indeed, e—^e—sv 7Ta — a — 
[e_ 7 [e_5, e^-a]] = Ns, 7Ta - a [e^ 7 , e 7 ] = —Ns i7ra - a h-y. But we have [e Q ;/i 7 ] = 0, 
since (7, a) — 0; that proves the formula. 

Let us simplify expression for v a using commutation relations [e- Wa + a ,e a ] = 0, 
[e_5, e a ] = and [e Q ; e_ 7 ] = 0: 

v a = ^2 bs 1 bs 2 bs 3 e^s 1 es 2 e-s 3 v 7Ta - a - \^C- Va b 2 a e a + 

61+62+63=7^0, — 2a 

^b^c^^ — a (e a e_ 7r a +a)'^77 cv — a "i" ^ ^ £7^5(^0^— 5^— 7 )^7r a — a 

<5+7— 7r a — a 

Denoting the first summand by q a we obtain that: 

Va Qa ^ ^- c —7T a b a {G a e — 7ra )v 7Ta — a + ^h 7Va b a c a 6~ 7ra + a v^ a — a , 

where A is nonzero constant whose value is not important for us. 

To find the intersection of U a with the divisor Dh we must put the coordinate 
H lo , equal to zero, that implies (v) e G/P n U a n -D/i Xq : 

v Q = + ^c_ 7ra 6^(e^e_ 7ra )u 7ra _ a 

Denote by x w the coordinate of the weight vector v(u>). The ideal J of the 
subvariety P U ~P /P C P(Vi) n ll a is generated by the following elements: 

Q a v(a) := x a v(a) - ^ xs 1 xs 2 xs 3 es 1 e-s 2 e-s 3 v r r 01 -a 

61+62+63=7! a — 2a 

^ > 7r a —fV{'^a 7) • ^7r a ~fV{^a 7) ^ ^ ^(5i <£<52 e — 5i e — £2 v 7T a — a 7 

^= < 5 1 +<5 2 +a 

where 7r Q — 7 G supp(V r 2 ). The last assertion can be obtained 
from the expression of the element of P u ~ P jP as the exponential map 
ex PE7r a -«-<5e S uppV 1 ' bses^TTo-a- The conormal bundle to P u ~ P /P in P(Vi) 
is identified with 3/3 2 - It is generated by the elements described above. Indeed the 
number of these elements is equal to the dimension of the fiber of conormal bundle 
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and the linear parts of these equations are equal to the coordinates x a and x 7I - ct _ 7 
for n a — 7 G supp(V 2 ), that implies the linear independence of these equations 
modulo 3 2 (since the elements from this ideal do not have linear parts). 

The relations for the coordinates of the vector (v) G ((G/P)l s DDf l7ra nli Q ) can 
be written in the form: 

P — h r N ^ ' 

where N a = A\(e 2 a e- 7r<x )v jra - a \/\v(a)\, N Va _ 1 = |e_ 7 e Q w 7ra _ Q |/|w(7r Q -7)! arc the 
normalizing constants. 

Let us notice that since we have a decomposition S/8 2 in the direct sum of two 
vector bundles P ~ *l (v a ) and P ~ *l V 2 , we can consider a weighted pprojectivi- 
sation P ~ *l Ptot(JKv Q © V 2 ) with the weight 2 on the first subbundle and with 
the weigth 1 on the second. We also have a correctly defined weighted blow up 
Bl wt of the variety U a R -D/i Xq in P u ~ P jP . In other words we can consider the 
weighted Proj^j 3", where the generator Q a of the module 3 has weight 2, and 
other generators P- Ka - 1 have weight 1. 

We shall gve the argument that provide us the explicit equations of the quotient 
that allow us to identify it with the weighted blow up. In the local coordinates the 
weighted blow up Bl wt can be described as the subvariety in K dlm "'"'xP^ (Kv a © 
V 2 ). Here we identify K dimVl - 1 with V x © V 2 ' © Kv Va . We also denote by c„ a , 
c 7 for n a — 7 G supp V 2 the weighted homogenous coordinatesof the subspace 
P wt (Kv a (&V 2 ). Besides the first coordinate has weight 2, and the latter have 
weigth 1. The variety Bl wt is defined by the followin system of equations: 



P-JT„ — -V^ C-V a ~ P~K„ — -V. 



Q 2 _ p2 [*BL) 

ir a — 7 6 supp V 2 . This system of equations is invariant with respect of the 
action of one-parameter subgroup A. Using the equations (*) on the coordinates of 
(v) G ((G/P) s / n D Ka r\U a ), we obtain that the required quotient A\((G/P)f n 
Dh„ a n U a ) is defined by the system of equations (*bl) and thus can be identified 
withe the weighted blow up of the variety P(Vi) <lU a in the subvariety P U P jP . □ 

Remark 3.10. For some purposes it is useful to have the following interpretation 
of the weighted blow up. Let K' 0+ ' be the vector space that we want to blow 
up in the subspace K'° with the weights (ai,...,a/) on the subspace K. Let 
/i = jU ai x . . . x fj, ai be the product of the groups of the roots of unity of orders 
(ai, . . . ,ai). Consider the quotient morphism r : K l — > K' by the action of the 
group /i, defined on the z-th coordinate as Zi — > z"\ We also consider the quotient 
morphism rp of the projective space P(K') by the action of /i, that maps P(K') 
to the weighted projective space P(ai, . . . , a/). In the homogeneous coordinates we 
have: 

(*:. ..:*») ->(*?*:. ..:*?) 

The action of /1 can be defined on the blow up W © K' in W ( defined as 
Bl := {(v,z,£) G K lo+l x P(K')|^^ = The generator e l G \i ai acts as 

Zi — > EiZi on the coordinates of K' and as & — > e^i on the homogeneous coordinates 
of P(K'). The quotient r of the blow up Bl by the considered action of /i is identified 
with the weighted blow up Bl wt = {(v, z, f) G K l «+ l xV{ ai , a^z^Q* = •:'/ & \. 
The quotient map is the restriction of the map 

K i +i x P ( K i) K i +i x P ( ai; . . . ; a; ) 
(w © (z l7 . . .,*,)) x (Ci : . . . : 6) — ► (w © (z? 1 ,. . . ,z?)) x : . .. : 
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Indeed making a substitute Zi — >■ zf*, & — >■ £?' in the equation = Zj*£?* , 

we get (.?j£j) * 0j = (^iCi)"*^ ! tna * i s * ne system of equations denning the weighted 
blow up 

Summarizing what was said above we obtain the following commutative diagram: 
K l +l < B f ^ k'o+; x p(K') 

T t T X T F 

K i„+i ^ Bl w f K l «+ l x P(oi, . . . , m) 

4. The embedding of the torsor over Xa in the affine cone over G/P 

Let us formulate the main theorem from the paper of Skorobogatov and 
Serganova [3] . We shall follow their main scheme of the proof but we shall modify 
some details that will allow us to get the analogous results in the case of the root 
system E$. 

4.1. Consider the embedding of the variety G/P in the projectivization of ' minis cule 
representation F(V(TT a )). For the left action of maximal torus T on G/P we denote 
by (G/P) s the set of stable points with respect of G -linearized sheaf 0(1)\q/p. Let 
t : (G/ P) s — > T\(G / P) B be a quotient morphism. There exists an embedding i 
of the del Pezzo surface with the degree 9 — rk A into the quotient T\(G / P) B 
such that for the torsor 7 = t _1 (j(Xa)) the following conditions hold 

• Consider the hypersurface = {(v) G P(V(7r Q )) | i> w = 0}. The divisor 
E a = r(H a n T) C Xa is equal to a {—\)-curve on Xa- 

• The (—1) curves E u>1 and E U2 do not intersect iff the weights uj\ and u>2 
are not adjacent in the weight polytop. 

We construct the required embedding by the induction. The base of the induction 
follows from the isomorphism X A i = T\(G/P) (for G = SL(5)), that was proved 
by Skorobogatov in [T^] . 

Let us assume that embedding of the torsor T C G /P C P(Vi) is already 
constructed. Let us denote by t the quotient by the left action of the torus T . 
The quotient r (T ) = T \T is a del Pezzo surface X A > of the degree 9 — rk A . 
This is a plane with the blown up rk A points in a general position. (Cf. [7] . By 
the general position it is assumed that no line contain three points and no conic 
contain 6 points from this set) 

The divisors corresponding to the exceptional curves lying over e% we denote by 
Ei. We want to construct torsor 7 C G/P C F(V(7r a )) over del Pezzo surface 
Xa, that is obtained from X A ' by the blow up of the point e r k a £ X A > that is in 
general position with the points 6j where i ^ rk A (The image of the point e r k a 
under the contraction X A * --■> P 2 is also denoted by e r k a)- 

Let s G G /P be a point for which p^^s) = e r k A, and s G G JP is another 
point on the flag variety (later we assume that it is sufficiently general). Let {s^} be 
the set of homogenous coordinates of the point s G P(Vi) with respect to the weight 
basis of the subspace V\ (it is well defined since V\ — is miniscule representation) . 
By the action of s on the point of projective space x = (v) we mean the action 

SX = (J2 S^Vu). 

Let us prove the following theorem (cf. 6.3]). 

4.2. Consider the embedding G/P C P(Vi). Let s G G / P be a point of a flag 
variety such that p-n a {s) — e r k a- Consider the equations Pfi(x) = and q v [x) = 
from the Remark \2.fA For the general point s G G / P we have the following 
statements 
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1) The restrictions of p^(x) — and q v (x) — to s s 7 nontrivial. The 
image of the set of zeros of these equations define nontrivial divisors on 
X A > those proper transforms with respect to the blow up a : — > X A < 
are (—l)-curves. 

2) The varieties s s —1 T andG jP intersect in a single T -orbit i.e. s s~ l 7 D 
G'/P' = Ts . 



Remark 4.3. We give an alternative prove that differs from [21 6.3] and can be 
written uniformly for p^ (x) and q v (x) that generalizes to the case of £s . 



Remark 4.4. For the points x G T by the phrase: "the equation x^ — (or 
Pfi{x) = 0, q v {x) = 0) defines a divisor (curve) on the surface X A <", for the brevity 
we mean the following: the equality x^ = (or p^(x) = 0, q v (x) — 0) defines 
a divisor of zeros of the section of the line bundle 0(1) (corr. 0(2), 0(3)) on 
P(Vi). We can intersect it with the torsor T . In the case when this intersection 
is nontrivial since the sections are semiinvariant with respect to the action T it 
follows that x u \<ji — (or p ll (x)\ T ' = 0, q v {x)\ 7 ' = 0) define also the divisors on 
the quotient X A > = T'\7' . 



Proof. The first part of the theorem is equivalent to the statement that the restric- 
tions on T of the equations p M (s s _1 x) = and q v (s s~ 1 x) = are nontrivial. 
Indeed let us notice that these polynomials are zero in the point s, since p^(x) and 
q v {x) are equal to zero on the flag variety G / P . By the induction assumption the 
equations x u = define the (— l)-curves E u on X A >, and also on T \(s s _1 T ). 

Consider the curves C of the degree 2 on X A > with respect to the pairing with 
the canonical class (i.e. (Kx , ; C) = 2) passing through e r k a (it will become a 
(— l)-curve after the blow up of the point e r k a)- Let us describe these curves by 
the equations. From [7] it is easy to see that after the contraction of X A > to P 2 
such curve maps to the line passing through e r k a and for some i (for example 
when i = 1 we obtain C = Lq — E\ — e r k a), or to the conic passing through any 
four points and the point e r k a (C = Lq — E\ — E2 — E3 — E4 — e r k a)- Or in the 
cubic (for example C = io — 2-Ei — E2 — E3 — E4 — E5 — Eq — Ej — e r k a) that has 
the ordinary double point in some point ej and passes through all points (this case 
occurs only when A is of type £7). Let us notice that the dimensions of the linear 
systems defined by these curves is equal to 0. Let us show that p tl (s s~ x x) = 
defines a curve of the considered type (in the case when p^{s s~ 1 x) is not equal to 
zero on T ). 

In the first case we have the following presentations of the class of curve C as the 
sum of two classes of (-l)-curves (cf. fig. 3): C = (L — Ei~ Ei)+Ei, where i / 1. 
In the second (cf. fig. 3) and in the third case we have: C = (2Lq — E\ — E2 — £3 — 
E4) = (L — Ei — E 2 ) + (L — E 3 — E 4 ) = (i — Ei — E 4 ) + (i — £3 — E2) = 
[Lo — Ei — £3) + (L — E 2 — £4) = (2£o — £1 — £2 — £3 ^ £4 — £5) + £5 = 
(2L — £1 — £2 — £3 — £4 — E e ) + £ 6 
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C = (3L -2E 1 -J2 E i) = ( L o -Ei- E t ) + (2L - £ Ej) % + 1. 

The classes of (— l)-curves are in bijective correspondence with the weights ui (cf.[7]), 
the following decompositions correspond to presentation of some weight fj, as he sum 
fi = 7j + Si where 7* is the weight corresponding to L — E\ — Ei (exceptional curve 
denned by the equation x li — 0), and Si is the weight corresponding to Ei (with 
the equation x$ t — 0). The linear system \Lq — E\\ has the dimension 1 and 
the considered decompositions correspond to the reducible elements of this linear 
system. There linear combination 



p^(s s 1 x) = x^xs-^-^-(e- y e-sv„ a ) = 0, 

7T — 7 — O— fl 

defines some element of this linear system (or a zero element) passing through e r k a- 
Thus we get that p^s s~ 1 x) — defines a curve C. 
Let us rewrite p^(s s x) — as a polynomial on s 

Pn(s ) = P^{s s'^x) = ^ Pis^^-s^sg = 0, 

S~ySg 

7T — 7 — — fJ, ' 

Now let us prove nontriviality of the restriction p M (s s~ 1 x) = on the torsor 
T for a general point s £ G JP . Assume the contrary, then the restriction 
Pfj,(s s~ l x)\ T > is trivial for all s € G /P , in other words p^{s ) € da' lp' f° r au 
x € T . It is easy to see that for p M (s ) £ 3 G ' / P ' (/x) all monomials from ^(s ) have 
the form s^s s for ir — 7 — S = fi (where the weight /i is considered as the T ). Since 
3 G > j P ' [p) is generated by the equation p M (s ) = 0, we get that the set of coefficients 
{Pj$ ~flT } ^ s P ro P or ti° na l to the set {p-yg}- Thus for any pair 71, Si and 72, S2, such 
that 7r — 71 — S% — [i 7r — 72 — ^2 = n we have: 

X-y 1 X ( 5 1 **'72 *^<52 / \ 

= . (7J 

^71 72 £2 

Let us recall that equations x M — define (— l)-curves on X A >. Let us choose 
some point on the (— l)-curve defined by x lt = and not lying on the other (— In- 
curves. Let us take a point in its preimage in the torsor 7 with the coordinates 
{cc°}. Then a£ = 0, but also ^ and x® ^ that contradicts with the 
equality (*). That proves the assertion. 

Let us give a second proof of this fact and its generalization in the case of the 
cubic curve q v (x). 
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Assume that claim 1) is not true. Then the restrictions p^(s ) = p^{s s x) 
(corr. q v {s) = q v {s ' s~ 1 x)) for x G T' are identically equal to zero on 
G jP . Consider the restriction p M (s ) (q u (s )) on the open cell P U ~P /P = 
exp( c f e -i) v Tr a -a- Then p M (s ) (corr. q u (s )) are the polynomials (on the 

76A(p(j 

open cell identified with the linear space) from the coordinates c 7 where 7 G A(p u ). 
We shall show that for some point x G T for the polynomial p^(s ) (. g„(s )) the 
coefficient by some monomial on the coordinates c 7 is not equal to zero. That 
implies nontriviality oip fl (s ) (corr. q v {s )) as a polynomial on s . 

Let us fix the weight bases and {v^} of the subspace V(ir a ) and V\. Let us 
notice that we do not assume that these bases are concordant. The coefficients of 
the polynomials p^(s ) (corr. q v {s )) we choose with respect to the basis {v^}. In 
other words 

w Tra _ 7 = e_ 7 u 7rQ , 7 G A Pu , 
e_ 7 e_«5U 7rQ = p 7 sv^, 7r - 7 - S = fi, 

e -tJ.i e -tJ.2 e -H3 V ^a = QniH2tJ.3 V vi ""a - Ml - M2 - M3 = ^- 

Correspodingly for the subspace V\ we have: 

% a _ a) _y = e - 7 '( e -«*V») = V^"^' 7 ' e A p^7 = " + 7', 
e_ 7 'e_ { -(e_Aj =p\ g ,v\, (vr Q - a) - 7' - 5' = (j! . 

Lemma 4.5. We have the equality [e_ a ,e_y] — — n 7 e_ 77 7' G A p / , 7 = a + 7'. 

Proof. Since 7 G A p / we have (a; 7 ) = 0, that implies eyv 7Ta — 0. From the chain 
of equalities 

Ce_ 7 V 7t - a [e_ a , 6_y]^ 7I - a (e_ a e _y e _ 7 ' ^— a)'^7r cv e _y e — a v TT a — ^ 7 '^— 7^7r a 

we get that c = — ny . □ 

Without the loss of generality we can assume that the (— l)-curve that correspond 
to v na - a = is E lk A ' , and one of the monomials p M is equal to s a s u where 
uj = L — E\ — E Tk A > . Let us recall that we consider the points s = (v) that belong 
to the open cell i.e. 

S 7 eA p , c 7 e_ 7 (S 7 eA p / c y e -~t) 2 

Consider the curves s'^ = and s' s = 0, where ir a — 7 = L — Ei — E 2 and 

7r Q — <5 = i? 2 (the weights 7r Q — a — 7 and 7r a — a — S as the weights of module V\ 
correspond to the curves L — E\— E 2 and E 2 . But we consider them as the curves 
on the del Pezzo surface where the curve E lk A > is contracted). It is easy to check 
(by a direct calculation with weights or by considering all the curves in the linear 
systems to which belong the curves L — E\ — E 2 and E 2 ) that only sys S ' and s a s (J 
for uj = 7 + S — a, contain the monomial c 7 c^. 

We obtain that v v<x - u = f> /^cy + • • ■> where we omitted the monomials that 
not containing cy and c s > (here we used that e 7i for ji G A p ' commutes pairwise). 
Then the coefficient by c 7 c,5 in the polynomial p^s ) is equal to 

Pj's'P™— ~ + n j n sP-rS——- (*) 

Let us note that x a x^ and x 7 x,5 are linearly independent in the linear system of 
conies on the del Pezzo surface X A > (By contracting some (-l)-curves we can obtain 
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that these monomials define a pair of lines that are the elements of the linear system 
of conies passing through 4 fixed points , , ei 3 , ) thus the equation (*) is not 
identically zero on the del Pezzo surface. 

Let us prove the nontriviality of q v (s ) . In the case of Eg, without loss of generality 
we can assume that the cubic is of the form C = Lq — E\ — E 2 — £3 — £4 — £5 — 
Ej — 2e r k a (this can be obtained by the contraction X rk A > — > P 2 since the 
Weyl group W is acting transitively on the weights of V3 corresponding to the 
considered cubics). In the case of E7 we consider the surface obtained by blowing 
up points e = i for i = 1 . . . 7, i ^ 6. In this case such cubic is unique. Let 
us fix the (-l)-curvcs H a = E 7 , = E 2 , H v = L — Ei — E 2 , Hs = E\, 
H 1 = 2L — Ei — E 2 — E 3 — E4 — E 5 . The required cubic can be represented as 

C = Lo — Ei — E 2 — £3 — E4 — E5 — Ej — 2e r k a = Ej + (E 2 + (Lq — Ei — E 2 )) + 
(Ei + (2Lq — Ei — E 2 — E% — E4 — £5)). 




fig.4 



Consider the expressions s^s'^s'^, from the variables {c$} §ep > and let use find 
those that contain the monomial c^CjCs- Let us notice that s#. define some 
linear system; more precisely when s^. = n^CQ ( ( £ p u ) it is a curve from X A * 
corresponding to the weight ir — a — £ (the same curve can be considered on X A » , 
but then it will correspond to the weight ir^ — (). If s# ( = PciC2 C Ci c C2 

(for Ci,Ci e p u ) then the curve Sjj. — considered as the curve on X^ji lie in the 
linear system generated by the pairs of (— l)-curves c^c^ 2 = for all Ci>G € P u 
(the argument is analogous in the case when s#. is the cubic from the variables c^). 

To do this we have to write down all linear systems corresponding to , , s$ , 
such that each linear system corresponding to s$. contain the monomial that is a 
submonomial in c fl c v c 1 cs 1 and the product of such monomials is equal to c^CjCs- 

All possible generators s$ i s$ 2 s$ 3 are given on fig. 5. (For the brevity on fig. 5, by 
the sum ^c 7 ca, we mean a sum of type ^CiC2 C Ci c C2 m which we can 

find monomial c-yCg). 

Now it is not difficult to calculate the coefficient by the monomial c^c^c^cs: 



x a x (pv) x {8~l) x a x ( pl ) x (u8) 
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(**) 



(for brevity by (C1C2) we mean the weight Ci + C2 — ot) 

The coefficients of the fractions are equal to (±1). To prove this let us notice 
that for $ £ p u commutes pairwise ([e-^ 1 ; e^ 2 ] ^ only in the case of Eg, 
but in this case they do not commute only when $1 + $ 2 = n a , that is not the 
case since such curves correspond to the cubic curves passing through the points 
ei . . .ej). Any two monomials in the expression (**) have a common variable x&. 
Let us do one of the calculations that are equivalent to each other: 



n -y n n e -(v8) [e-a,e_ M '][e 



7i 7 1 n M 1 e_ (l/ 5)(e_ Q e_ M ' - e_ M 'e_ Q )(e_ Q e_ 7 ' - e_ 7 /e_ Q )u„. a 



-n 7 e_ 



-n 7 x n M V ' /e_ Q e_ (l/(5) e_ (At7) u OTQ 



where we used that e 'tv = 0, e_ a e_ 7 tv = and applied Lemma 14.51 




ECyC<5 




ZCyC,u 



SCyCjU 




fig-5 

From the following elementary lemma it follows that the expression (**) cannot 
be identically equal to zero. 

Lemma 4.6. Consider the points ei that are in the general position. Let l^j be a 
line passing through the points ei,ej and qij is a conic passing through the points 
ei, e_y, e3, 64, e§. Ei as before denote the exceptional curves that are the preimages 
of ei. Let us normalize the equations in such way that hj(e T k a) = Qij(&rk a) = 1- 
Then the restriction of the expression 

^12^26-^2 — 'l23l6-El + — ^16926-^6 + ^26916-^6 — ^269l2-E'2 

on the curve I a = L — E\ — e x y a is not equal to zero (let us note that the line Ia 
considered as the curve on X A i has the degree 2 with respect to K A > ). 
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Proof. Let us notice that the curve I a intersect each curve E\ , qi6, I26, qi2 in a single 
point that we denote by a, 6, c and d correspondingly, and with the curve (726 in two 
points (see fig. 7). 




Since the lines I12 and he do not intersect Ia the curves l\§q2&E§ and ?i2926-E'2 
define the same section on the line bundle 0(2) on the curve I a, that is also equal 
to 926 |/ A - Indeed all three curves intersect I a in two fixed points and all the three 
sections are equal to 1 in the point e r kA- From this we obtain that (1^26^^ — 
Zi2926-E'2)|;a — 0- Without the loss of generality we assume that all points lie in 
the affine chart x = 0. Then from the normalizing condition in the point (i.e. 
Uj(erk a) = 9ij(e r k a) = 1) our expression can be written as 

—^12916^1 + heqisEs — Z26912S2 + hel^Ei = 

-(x — a)(x — b) + — (x — b)(x — c) Ax — c)(x — d) + — (x — d)(x — a) = 

ab be cd da 



(b-d)(c-a) 



x\ 



abed 

thus we get that the last expression is equal to zero iff a — c or b — d. But the first 
means that the points ex, B2, lie on the same line and the second states that the 
conies qi2 and qie intersect in 5 points that implies that 6 belong to the same conic 
that contradicts the generality of position. □ 

The assertion 2) from the Proposition 14.21 follows easily from the fact that 
Pn(x) = for 6 supp{V\) defines G /P , and from the fact that on the quo- 
tient X A > — T\s s _1 T these equations define conies intersecting transversally in 
a single point e r k a • D 

Let us prove the following proposition 

Proposition 4.7. Let T = p~^o~^(s s _1 T ) be a composition of proper transform 
of s s _1 T with respect to the blow up ao and preimage of the quotient morphism 
p na . Then the quotient T\J is the del Pezzo surface Xa obtained by the blow up 
of del Pezzo surface X A > in the point e r k A = p T > (s). 

Proof. Consider the quotient T = X\J. It is easy to see that the proper transform 
of s's _1 T' with respect to the blow up Bl(P(Vi), C /P') of the space P(Vi) in the 
flag subvariety G / P (contraction morphism we denote by ctq). 
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Consider the following commutative diagram 

X ^T~, T ^Bl(¥(Vx), G' IP') 



*A' -ITT nVi) 

T 

Where the surface X is defined as the quotient T \J. We also notice that since 
s s 7 n G I P = T s we have an isomorphism: 

7\ao 1 {T's) = sW \ Ts' . 

Pssing to quotients we get the isomorphism 

X \(T _1 (e rk A ) = X A > \ (e rk A ). 

This implies that a is the composition of the blow ups with the centers outside 
X A > \(e r k a) or in other words X is obtained by the blow up of X A > in the subscheme 
with the support in e r k a (■ El) defined by the ideal 3e A A ■ Our aim is to show that 
a = X A or in other words that the ideal 3e IiL A is maximal. Applying th universal 
property of the blow up (cf.[SJ Prop. 7.14, Corr. 7.15]) to the right hand of the 
diagram we get that the ideal defining the blow up is equal to the restriction of the 
ideal 3 G < , p i on s s 7 in other words do — 3q> /p> \ s ' s -i<j' ■ 

Let us notice that we can check our proposition locally. Consider the T -invariant 
affine chart U = Spec(A) on s s _1 T containing the orbit T s . The morphism p T < 

maps it to the affine chart T \U = Spec(A T ) containing the point e rk a- Shrinking 
the map we assume that the divisors defined by p^ (x) are principal and defined by 

the regular functions / M s A T = 0(f). The inverse images of these functions are 
invariant functions on f with the same divisors of zeros as p^ix) (Since the zeros 
of pfi(x) are T -invariant), thus they also define 3o\u- 

Lt us apply the universal property of the blow up to the left hand of the diagram. 
Reformulating Prop. 7.14, Corr. 7.15], we get that 3o is equal to the ideal of A, 

generated by the ideal 3e Ik A C A T . Thus 3% = 3e Ik A (cf. 16 ). As we have seen 
the ideal 3e A A = 3% contain the functions / M , but the zeros of these functions 
coincide with the curves Pn{x) = on the surface X A >. Any two curves from this 
set intersect transversally in the point e r k a (though it is sufficient to know the 
intersection of the curves L — Ex — e r k a L — E 2 — e r k a)- This implies that the 
ideal 3e rk A coincide with the maximal ideal of the point e r k a • D 

For the case of Eg let us prove an analog of Proposition 14.71 

Proposition 4.8. Let G be a group of type E$, p^ a is the quotient morphism 
with respect to the action of X, and cto is the morphism X\((G/P) S E S flf^ ) — > 
P(Vi), defined by the projection po on P(Vi). Assume we have an embedding of the 
universal torsorT over del Pezzo surface of the degree 2 in G / P C P(Vi), that is 
not contained in any T -invariant hyperplane. Let us fix sufficiently general points 
s,s G G jP and denote by T = p^&o* ( s s _1 T ) the composition of the proper 
transform of s s _1 T with respect to the weighted blow up Gq and its inverse image 
of the quotient morphism by A. Then the quotient T\7 is the surface X A obtained 
by blowing up the del Pezzo surface X A > in e r k A =p T '(s). 

Proof. For the proof of the proposition let us consider the T -invariant affine chart 
(G/P) s e s nD Ka DU a . According to Proposition \\((G/P)' e a nD h „ a nU a ) — ► 
P(Vi) n U a is isomorphic to the weighted blow up ctq of the variety P(Vi) fl U a in 
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P' u -P'/P'. The preimage a^ 1 {P' u ~ P' / P') is identified with P'~ * L , V wt (Kv a © V 2 ). 
Since the stabilizer of the action of T in the point s is trivial the variety Uq 1 (T s ) 
is identified with T s x ¥ wt (Kv a © V 2 ). In particular T'Vq^T' s') = P wt (Kw Q © 




By the induction assumption we have the embedding T C G /P . As it 
was proved s s _1 T intersects G jP transversally in the orbit T s . The quo- 
tient T \s s _1 0" a smooth del Pezzo surface of the degree 2. This implies that 
in the neighbourhood of the point p T i (s ) the germ of this surface is the com- 
plete intersection and is defined by the system of equations (/o, ...,/;), where 
I = dimVi — dimT — 4. Since T -variety can be covered by T -invariant 
affine maps we can assume that s G U s ' for some T -invariant affine chart and 
fi 6 K[T \U S '} = K[U S '] T . From the above we see that the germ of the torsor 
s s _1 T is aldo defined by the considered regular sequence (/o, . . . , /;). 

Let T = X\J be the proper transform s s _1 T with respect of the weighted blow 
up (7 o . Our aim is to show that the quotient Tn ctq 1 (s') = 7 nP wt (Kv a © V 2 ) s > by 
the action of torus T , is isomorphic to P 1 . 

On the considered T -invariant chart U s > we can assume that the variety 
P,~ P /P is defined by the vanishing of the equations f>7r a -7* , 9<* ■ It is not dif- 
ficult to check that these equations after restriction to the affine chart v 7Ta ^ 
define equations corresponding to vanishing of the components with the weights 
s a {^a — 7i) and —a correspondingly for the flag variety G/P. In particular if we 
restrict on the quotient T\s s _1 T , the equations p-n a - li — define on the del 
Pezzo surface of degree 2 the conies passing through the point e§, and the equation 
q a = defines a cubic with the double point in eg. 

Let us recall that the weighted blow up a : A\\((G/P)f n D hjra — > P(Vi) is 
defined as the subvariety in K dlm Vl _1 x P wt (Kv a © V 2 ) by the system of equations: 

QaCyj — Pn a — ij C7r a 

Let us represent the equations fi defining s s _1 T as the sum of linear part 
from the variables p^ a - 1 , (that we assume to be nonzero) and a remainder that 
consists of the monomials of the bigger weight with respect to the weighted grading 
in consideration: 

fi = y ] a ijPit a -"tj + fi J 

where the coefficients ay depend only on variables b 1 . Moreover we assume that 
dij are written as the polynomials from (6 7 — (& 7 ) s ') with the constant terms 
where (& 7 ) s ' are the coordinates of the point s' in P' U P' / P' '. Our aim is to invesigate 
which variety is the defined by the equation /, = in the fiber over the point s , 
where all the coordinates p Va - lv q a vanish. In the chart c 7l ^ we get: 

f — \ ^ c 7j , 2 7 >1 

Si — P-Ka-j! / J dij - rJ? Ta _ 7l /i , 

c 7l 

where /j >1 is the polynomial fromp Wa _ 7j . Dividing the expression for fi by p Wa - 7l , 
setting p 7rQ _ 7l = and considering the homogenous equation with the variables 
c na - lj , we obtain that the intersection of the proper transform of the variety fi = 
and a fiber (Tq (s ) = F wt (Kv a © V 2 ) is defined in the fiber P tut (Kw Q © V 2 ) by the 
equation 

fi ~ a ij c n ■ 
In a similar way we get that the equation 

/ Qa + ^ ' d'ijPi Ta —'yiPiT a —*fj + fi 



31 



in the fiber over the point s isomorphic to ¥ wt (Ki> Q © V 2 ) defines a hyperplane 
dijC-yt&yj, where dij is defined similar to a^. 

Let us show that the matrix that consists of the homogenous components f i of 
the degree 1 (of the polynomials fi) has a rank equal to dim ¥ wt (Kv a © V 2 ) — 2. 
Let us notice that on the surface T \s s _1 T the equation q a — define the cubic 
with a double point in eg. In particular this implies that the differential dq a = 
after the restriction on the tangent space to the torsor in the point s' . Thus we 
have the linear dependance between dq a and dfo, ...dfi. In other words we can 
assume that dfi,... dfi and dq a are linear dependent, and a linear part of the 
polynomial dfo is proportional to q a . Let us notice that the restrictions of dfi 
to the subspace tV C T S /(G'/P') are zero. In the space generated by the forms 
dbg, consider the space of forms that are zero on the subspace t's'. Let us chose 
a basis dbk in this space, where fc = dim G'/P' — dimT'. Let us write down dfi 
in the basis dpi Ta ^- yj ,dq a ,dbk for i ^ 1. We get a matrix in which in the first 
dim (Vi) — dim G'/P' — 2 rows we have elements Sy. Since the matrix formed by 
dfi, ■ ■ ■ dfi has the rank dim V\ — dimT' — 3, than the matrix of the coefficients ay has 
the rank not less than dim ¥(V X ) - dimT' - 3 - (dim G'/P' - dimT') = AinvVJ, - 2. 
Let us notice that on the surface T \s s _1 T the equations p^ a - li = define the 
conies passing through es and intersecting transversally there. This implies that 

the differentials dp 7Ta n dp 1Ta n generate the tangent space to the surface in es, 

that gives the linear independence of dp 7Ta _ 7l , dp^^ _ 72 , dfi , . . . dfi Thus the rank of 
the matrix is not bigger than dim V 2 — 2 and should be equal to this number. 

The preceding arguments show that the equations f 1 , . . . , /; define in the space 
F wt (Kv a (B V 2 ) the weighted projective subspace P(2, 1,1). The equation f = 
c, o + E dijC~ ii c li defines a smooth rational curve, since it is the image of the conic 
Cq + E^u c 7i c 7j = with respect to the quotient by the action of the involution 
P 2 — > P(2, 1, 1) that reverses sign of the first coordinate. Thus we get that the fiber 
over the point s' consists of the smooth rational curve (A simple calculation in the 
local coordinates shows that the obtained surface is smooth, see next remarks). 

That we get that T\1 is the surface , obtained by the blow up of del Pezzo 
surface JT A ' in the point e r k A —p T '(s). □ 

Remark 4.9. To define the intersection of the fiber a^ 1 and a proper transform of 
the hypersurface / = we can argue in the following way. Let us use the realization 
of the blow up from the Remark 13.101 Let / be a component of / that consists of 
the monomials with the minimal grading d in the variables Zf. 

1= Pii-iiM^l ■■■Zi 

ajij=d 

Then we have t* f = Ej^a i=dfti-«i (w)z^ ltl . . . z^" 1 ' + f >d , where the component 
f >d has degree strictly bigger than d. The intersection of a^ 1 and of the proper 
transform / = for the ordinary blow up Bl is defined by the homogeneous compo- 
nent of minimal degree t* f — E^a.-i-^Pii-'i ( w ) z i 111 • • • Z T %1 ( terms of Proj 
this is the projection on 3 d /3 d+1 , where 3 = {zi, ■ ■ ■ , zf)). To get the equation of 
the intersection of and a proper transform of the hypersurface / = for the 
weighted blow up Bl, consider the quotient (r*f = 0) by rj>. It is easy to see that 
it is defined by the equation Ero j ^Wi-'i { w ) zl i ■ ■ ■ z \ l = 0- I R more invariant 
terms the latter equation is the projection on the component of the degree d in 
the algebra Proj^j 3 l /3 i+1 , where we consider the weighted grading where the 
generators 3 — {zi, ■ ■ . , z{) carry the weights (ai, . . . , a/). 
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Remark 4.10. The preceding remark provides us an illustration of the situa- 
tion described in Proposition 14.81 Consider the blow up in zero point of the cone 
Zq = Z\Z2, lying in the affine space IK 3 . This blow up give a resolution of the sin- 
gularity. And over the single point we have a conic £q — £1^2, that is a (— 2)-curve. 
Now consider the involution on K 3 x P 3 acting on the coordinates zq and £0 by 
multiplication with — 1. The quotient of the blow up K 3 in zero by the action of 
this involution is the weighted blow up defined in K 3 x P(2, 1, 1) by the equations 

f z £f = zfto 

\ 216 = z 2 £i 

The quotient of the considered blown up cone is the proper transform with 
respect to the weighted blow up of the surface defined by the equation zq = Zxz%. 
Let us notice that after taking the quotient by this involution the conic £g = ^1^2, 
that is exceptional curve over zero become a two sheeted covering of the rational 
curve in P(2, 1,1) defined by the equation £0 = £i£2- By the projection formula 
from the intersection theory the latter curve is the (— l)-curve. Besides it is easy to 
see that the image of the blown up cone is the smooth surface that is the ordinary 
blow up of affine plane. 



From this proposition it is easy to get the second assertion of the theorem. Indeed 
let u) is the nieghbour weight to 7r Q , then u) € V\ . The curve E na is the blow up of 
the point e r k a on the surface X A ' , the curves E u are (— l)-curves of the surface 
X A i that do not intersect with E Ka , since they do not pass throught e r k a- 

The curves and E v correspond to nonadjacent weights are defined by the 
equations — and q v = where fx S V2, v S V3 are the curves of the degree 
2 and 3 with respect to —Kx , ■ The intersection indexes with the curve E 7Ta are 
equal to 1 and 2, since the first curve passes through the point e r k a, and the second 
has a double point in e r k a • 

Now we are able to prove the main theorem (in this step we give the argument 

We have constructed embedding T C (G/P) s . Consider the weight hyperplanes 
= {(v) S P{V(ir a )) I v u = 0}. By construction the divisor E u = t(H u n 1) C 
Xa is the (— l)-curve on Aa, besides all (— l)-curve can be obtained in such way. 
It is well known ([7]) that E u generate PIc(Aa). 

For T let us take the preimage in V{-K a ) of the torsor T with respect to the 
projectivization V(TT a ) \ {0} — > P(V(TT a )). 

Let (G/P)y be the set of stable points for the sheaf i*0(l) and the action of T 
(where i : G/P C ¥{V{-K a )). Consider the subset (G/P) sf C (G/P) s of the points 
with the stabilizer Z(G). As it will be showed the set (G/P) s -> has the codimension 
> 1 in G/P, thus we have Pic((G/P) s/ ) = Pic(G/P) = S(P) = Ztt q (cf. [14). Let 
us denote by G/P the preimage of (G/P) s f with respect to the projectivization 

V(7T a ) \ {0} — ► P(V«)). 

Thus it is easy to see that Pic(G/P) = 0. Since there are no regular T- 
scmiinvariant invertible functions on G/P, then from the exact sequence we get 
that the torsor (G/P) s ^ is universal. The images of the hyperplanes = {v 6 
V(7r Q ) I = 0} by the quotient morphism generate Pic(T\(G/P)) = Pic f (G/P). 

Let us show that the torsor T is also universal. Using the exact sequence (CTS) 
for the torsors T and G/P we obtain a commutative diagram where the right vertical 
arrow is induced by the embedding T G/P: 
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H(T) Pic(f \(G/P)) 

II 

>■ H(f ) Pic{X A ) ^ 

But we have seen that the quotients T\H^ of the hypersurfaces H u generate 
Pic(X^). Thus we get that the vertical map is surjective that implies that all maps 
in commutative diagram are isomorphisms. That implies the universality of the 
torsor T. 

In the case when the root system of type E% the main theorem is formulated by 
the following way. 



4.11. Let A be the root system of type Eg. Consider the embedding of G/P in the 
projectivization of adjoint representation P(V^7T a )) = P(g). For the left action of 
maximal torus T on G/P let us denote by (G/ P) s e the set of stable points with respect 
to the G-lineanzcd line bundle 0(2)\ G /p ® k^ a . Let r : {G/P) s £ — > T\{G/P) S 
be a quotient morphism. Consider a sufficiently general del Pezzo Xa of degree 1 . 
There exists an embedding i of the surface Xa in the quotient T\(G / P) s e , such that 
for the torsor 7 = t (i(Xa)) the following conditions hold: 

• Consider a hyperplane H u = {(v) G P(V(7T a )) | v u = 0}. The divisor 
E a = r(H a n T) C Xa is the (—l)-curve on X&. 

• The (— 1)- curves E Ul and E U2 do not intersect iff the weights lo\ and 0J2 
are not adjacent on the weight polytop. 



Proof. Assume we constructed embedding of the torsor T over X A > in the flag 
variety G jP C P(Vi). Let eg, € Xa be a point that we blow up to obtain Xa 
from X A '. Let us choose a point s € G jP , such that r(s) = eg. By theorem 
14.21 for a sufficiently general s G G / P we have s s _1 T n G / P = Ts . Let us 
notice that by Proposition 14.81 the preimage of s s _1 T for the weighted blow up 
Bl wt (f>(V(ir' )),G' /P) — > P(V(7r|g)) is isomorphic to the T-torsor over X A , that 
we denote by T . 

By the Theorem 13.51 the quotient X\(G/P)l D Dh a H U a is isomorphic to 
Bl w t(P(V(ir'p)),G jP ). Let us define a required torsor taking the preimage of 

T with respect to the quotient by A, and then taking affine cone over in V(ir a ) over 
it. 

The arguments are completely analogues to the proof of the main Theorem 14.11 
Thus we give only the missing steps. Let us prove the first assertion of the theorem. 
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fig.7 



Our aim is to show that for a sufficiently general point eg the homogeneous 
polynomial q^s s~ 1 x) of weight 4 is not identically zero when we restrict it to the 
torsor for a sufficiently general point s (for the equation of lower degrees we proved 
it in the Theorem |4*^|) . 

Consider the exponential representation for the point (v) G P~P/P: 

(v) = (exp( 2J a; 7 e_ 7 )w TrQ ). 

Let us recall that the equation (x) of the degree 4 from {i 7 } 76 a p „ is obtained 
by requiring that the coordinate by the vector v(—n a ) is zero. This polynomial 
define on the surface X A > a curve of the degree four with respect to the pairing 
with —Kx , ■ 

A 

Let us argue as in the proof of proposition 14.21 We assume that the point s 
belong to the open cell of G / P . Thus we can represent it as the exponential map 

s = (exp( c 7 e_ 7 )w(7rQ, — a)). 
7 eA , 

Substitute s by this expression in q4(s s~ 1 x). 

And consider the coefficient R by the monomial c^Cj c| where 6\ = L\ = 
L - Ei - E 2 , 8 2 = L 2 = L - E 3 - E±, S 3 = L 3 = L - E 5 - E 6 (see fig.8). Our aim 
is to prove the non-triviality of this coefficient. 

The submonomials of this monomial occur in expressions of the linear systems 
generating the following curves: 

C = 3L-Ei-E 2 -E 3 -E i -E 5 -E 6 - 2E 7 corr. to the weight S 1 + S 2 + 5 3 - 2a, 
Qi = 2L — E 3 — E^ — E 5 — E 6 — 3f, corr. to the weight S 2 + 8 3 — a, 
Q 2 = 2L — Ei — E 2 — E 5 — E 6 — E 7 , corr. to the weight 61+63 — a, 
Q 3 = 2L — Ei — E 2 — E 3 — E4 — E 7 , corr. to the weight 61 + 6 2 — a. 

Using the notation of Proposition 14.21 by (616263) we denote the weight 61 + 8 2 + 

63 — 2a, corresponding to the cubic C . In a similar way denote by (8i5j) the weight 

8i + 8j — a corresponding to the conic Qk (k ^ 

The coefficient by the monomial c^c^c^ we denote by R. Let us notice 

that $61.6183) (^ ne ^ as ^ monom i a l defining C 2 ) is contained only in one monomial 



3o 



It is not difficult to write the full expression of the homogeneous polynomial R, 
however we won't do that. The first monomials from R ae of the form 

x {s 1 s 2 5 3 ) x c . x<s 1 s 2 5 3 )X5 1 X(s 2 5 3 ) . ^ijajal^jafCjija? I 

r I C,Qi.Li ... , , ' C,Q 2 ,L 2 ,,. 

where r are the coefficients depending only from the choice of the basis in the G- 
module V(7r a ). Omitted monomials contain the degree of X(g 1 s 2 s 3 ) strictly smaller 
than 2. 

Let us prove that the coefficient R by cg 1 cg 2 c$ 3 is nonzero for a sufficiently general 
point es (we recall that the point s € P(Vj.) lie in the T'-orbit that map into es by 
the quotient morphism ). Consider the restriction of R to the line L78 = L — Ej — es- 
Let us fix this line and prove that for a general point of this line we have R ^ 0. 
Let li and qj are the intersection points of the line L78 with the line Li and with the 
conic Qj correspondingly, and c — is the intersection point of C and L78 different 
from eg. As before let us notice that the values of all monomials from R in the 
point eg are equal to the constants depending only from the choice basis in V(7T a ). 
Let us choose the coordinate x on the line L78 in such way that the point es has 
a coordinate 0. Then the monomials after the restriction to L78 can be written in 
the following way: 

X (<M2<53)^ i _ 1 , ,2/ r/| 4 

S (S 1 8 2 S 3 ) S a c e 7 

\l 7S = 3 (x - c)(x - h)(x - qx)(x - e 7 y. 

s (s 1 8 2 s 3 )S8 1 s { s 2 s 3 ) chqxei, 



We omitted other monomials since they have similar form. Let us choose the 
point es on L78 in a sufficiently small neighbourhood of c, i.e. |c — eg| < e. Then 
we have min^^es — h\, \es — qk\) > A and |e§ — e?\ < B for some constants A, B. 
Also the coefficients r,„ a bounded by a constant r max . 

The coefficient by x e in the expression for R is bigger than -^r§i — C\ Tm £g — 
C% Tn \ %" (where C\ is the number of monomials in R containing X(8iS 2 S 3 )i an( i C2 is 
the number of monomials in R not containing x/g 1 $ 2 g 3 \), and the last expression is 
strictly bigger than zero for sufficiently small e. Thus R as a function of x is not 
identically zero for a sufficiently general point es- That proves the theorem. □ 



5. Appendix 

The Proposition 1 1 . 5 1 is a particular case of the following proposition: 

Proposition 5.1. Let H C G be some semisimple subgroup normalized by the torus 
T . Let V(u>) be an irreducible G-module with the highest weight u>. Consider the 
weight vector v x e V(ui) for which the weight \ « s ihe vertex of the weight polytop 
of the representation V(oS), in other words x = wcu for some w € W. Consider the 
module Vh = (Hv x ) generated by the vector v x . Then we have an equality 

G(v u )n¥(V H ) = H{v x ). 

Proof. Without the loss of generality we can assume that x = w - Let us denote 
by Pui the stabilizer in G of the line (v^). Since v^, is the highest weight vector 
for the group G, it is highest weight vector for H . Thus Vh is the irreducible H- 
module. Let us notice that we can identify supp ff (Vh) with the subset in supp(l^)n 
(cj — J2~t£A H ^+7)' F ronl the inclusion ui s supp(Vff) for a dominant weight us, it 
follows that the vertices of the weight polytop of V, that belong to supp H (Vff) are 
the vertices of the weight polytop Vh ■ 
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Let (v) G G/P w nP(Vff). Let us prove that the vector v has a nonzero component 
of weight wuj for w G Wh (we recall that wuj being a vertex of the weight polytop 
has multiplicity one). Indeed (v) G 1J B^wP^j P w nP(Vjf), in particular (v) G 

wt£W 

B~wP u / 'P u n P(Vff) for some w G W . By Lemma [L"T1 we get that the component 
Vwu of vector v is not equal to zero. Since (v^J) £ P(Vff) we can assume that 
the element w &W belong to Wh- Applying the element n~ to the vector v we 
can assume that its component w u is not equal to zero. Then from Lemma ll.ll we 
get that (v) belong to the open cell P~P/P in G/P. Thus (v) — (uv^) for some 
u G P~ . Using the presentation of u as the exponential map we get: 

(v) = (exp( ^2 c 7 e_ 7 )w w ). 

Assume that there exists 7 ^ such that c 7 7^ 0. From such roots let us choose 
the root 70 that cannot be obtained as the positive integer linear combination of 
the roots fj, G A Pu for which c M ^ 0. Then the component of vector v of weight 
lo — 70, is equal to iv>- 7Q = c 7o e_ 7o f w . Let us show that this component is not equal 
to zero. The weight uj is dominant and (oj;jq) > (the last equality follows from 
the fact that P is the stabilizer of the line spanned by the highest weight vector 
with the weight uj and the fact that 70 G A Pu ). This implies that it cannot be the 
lowest weight of the representation of the three dimensional subalgebra generated 
by the triple {e_ 7o , h lQ , e 7o } thus we get e_ 7o w w ^ 0. 

On the other hand the component v u _ 7o cannot be nonzero since v G Vh and 
supp(Vff ) C uj — X) 7 eA + ^+7- Thus we come to the contradiction with the existence 
of 70 ^ such that c 7o ^ 0; this implies the inclusion u G P~ PI H . The proof 
finishes similar to the proof of Proposition [TT5] □ 
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